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The sciences do not try to explain, they hardly even try to interpret, they mainly make
models. By a model is meant a mathematical construct which, with addition of cer-
tain verbal interpretations, describes observed phenomena. The justification of such a
mathematical construct is solely and precisely that is expected to work.
JOHN VON NEUMANN
(1903-1957)
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Kurzfassung
Aus experimentellen und theoretischen Untersuchungen von Relaxationsvorga¨ngen in ex-
pandierenden Freistrahlen ist bekannt, daß fu¨r Knudsenzahlen in der Gro¨ßenordnung von 1
die Kontinuumsbeschreibung der Stro¨mung wegen freidriftender Moleku¨le sowohl im Fall
hoher als auch niedriger Ruhetemperaturen versagt. Zu diesem Problem ist auf der Grund-
lage des in der kinetischen Gastheorie ju¨ngst entwickelten ‘gekoppelten Systems kineti-
scher Gleichungen’ fu¨r niedrige und hohe Energienieveaus ein neuer rechnerischer Zugang
fu¨r Stro¨mungen großer und kleiner Knudsenzahlen mo¨glich geworden.
Ziel des Dissertationsprojektes war einerseits die theoretische Modellierung der Nicht-
gleichgewichtsstro¨mungen von Gasen mit inneren Freiheitsgraden mit Hilfe eines gekop-
pelten Systems kinetischer Gleichungen und andererseits die experimentelle Untersuchung
solcher Stro¨mungen mit Hilfe der Elektonenstrahlfluoreszenz. Die Arbeit gliedert sich im
Wesentlichen in vier Teile: 1. Molekulardynamische-Berechnung des bina¨ren Zusammen-
stoßes von zwei Stickstoffmoleku¨len mit Kombinationen von 2C-Lennard–Jones–Modellen,
um inelastische Stoßquerschnitte zu erhalten, 2. A¨nderung der Weg-integrierten For-
mulierung der Boltzmanngleichung mit dem Ziel, inelastische Sto¨ße in einer lo¨sbaren
Form durch Integration der Stoßquerschnitte u¨ber die molekulardynamische Rechnun-
gen zu beru¨cksichtigen, 3. Pru¨fung des neu entwickelten Systems an Problemen wie
Relaxation von gleichfo¨rmig im Raum verteilten Gasen und Freistrahlen, und 4. Durch-
fu¨hrung von Experimenten an Freistrahlen im Low-Density-Windkanal mit Elektronen-
strahl Fluoreszenztechnik sowie Vergleich der experimentellen und theoretischen Daten.
Auf Basis der Beobachtungen, die wa¨hrend der molekulardynamischen Simulationen
gemacht werden konnten, wurde ein funktionaler Zusammenhang zwischen dem Stoßquer-
schnitt und der relativen Geschwindigkeit bina¨rer Zusammensto¨ße formuliert. Auf der
Grundlage der R-R- und der R-T-Energieu¨bertragung wurde ein Modell fu¨r die U¨ber-
gangswahrscheinlichkeit entwickelt. Dieses vereinfachte Modell des Gesamt-Stoßquer-
schnitts, in dem eine Trennung von Stoßquerschnitt und U¨bergangswahrscheinlichkeit
erfolgte, wurde zur Umformung der kinetischen Gleichung benutzt.
Fu¨r alle Berechnungen und Messungen wichen die Rotationstemperaturen vom Gleich-
gewichtswert an verschiedenen Orten entlang der Freistrahlachse ab und wurden auf
verschiedenen Niveaus, die vom Verha¨ltnis p0D0/T0 und von der Ruhetemperatur T0
abha¨ngen, eingefroren. Bei gleichem Verha¨ltnis p0D0/T0 war der Grad des Rotations-
Nichtgleichgewichts fu¨r hohe Ruhetemperaturen kleiner. Zwischen den Versuchen und
den Berechnungen konnte eine gute U¨bereinstimmung festgestellt werden.
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Chapter 1
Introduction
The free jet expansion of gases in a rarefied medium covers orders of magnitude in density
change (from continuum to free molecular flow regime) and therefore requires treatment
at gas-dynamic as well as gas-kinetic levels. Because of the presence of internal degrees
of freedom, the expansion of polyatomic gases differs from monatomic gases substantially.
Wherever there is a sudden change of state, presence of these internal degrees of freedom
affects the process of achieving thermal equilibrium1. Energy possessed by a molecule is a
function of the degrees of freedom and in order to excite any one of the degrees of freedom it
is essential that sufficient collisions take places between the molecules. However, a certain
time interval is necessary for reaching the equilibrium, which varies for each of the three
degrees of freedom. In any gas-dynamical process at first only translational equilibrium
is reached by the gas molecules, whereas vibrational and rotational equilibrium follow in
time depending on the amount of energy transferred per collision by molecules.
The study of the rotational relaxation in expanding free jets provides the knowledge
regarding the distribution of flow field energy among internal degrees of freedom. In
an isentropic expansion, temperatures corresponding to the internal degrees of freedom
vary identically with the translational temperature as the energy of the internal degrees
of freedom is converted into directed motion. A relaxation time is defined as the time
taken to eliminate a temperature difference between the internal degrees of freedom and
translational temperature. That is, in an isentropic expansion, the expansion rate is so
slow that the time required for the gas to pass from one translational temperature to
another is much longer than the relaxation time required for internal degrees of freedom.
For free jets expanding into vacuum, relaxation time increases continuously when moving
downstream along the jet axis and exceeds to the time required for the change in the
translation temperature. That is, the rate at which energy of internal degrees of freedom
is converted, decreases and finally ceases asymptotically.
During several experimental studies using Electron Beam Fluorescence Technique, it
was found that the rotational energy distribution deviates from the Boltzmann distri-
bution for higher rotational levels for a rotating molecule with increasing degree of rar-
1A new velocity distribution must adjust for the translational energy along with the the rotational as
well as with the vibrational energy.
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efaction. Initially, it was thought that the non-equilibrium effects appear either due to
secondary electron emission [2] or there is some discrepancy in the Muntz dipole model
itself [3]. Studies showed that, although secondary electrons are produced, but for pure
nitrogen the ratio of secondary to primary excitation is about 10−2 for the allowed ex-
citation which is only a few percent of the primary excitation and therefore secondary
contribution during the excitation process can be ignored [4]. Computational results
obtained [1, 5, 6, 7, 8] showed quite good agreement with the experimental value of
the rotational temperature calculated with the Muntz dipole model. Koura [6] achieved
moderate agreement on the presence of a non-Boltzmann distribution with the help of
scaling laws by modifying the energy gap law to model rotational–translational as well
as rotational–rotational relaxation for the free jet of nitrogen. But it was pointed out
by Ryall et al. [9] that scaling laws might not describe rotational relaxation adequately.
Bartels [1] studied rotational–rotational (R-R) as well as rotational–translational (R-T)
relaxation in the framework of classical mechanics to study the gas-kinetics which pro-
duces non-Boltzmann distributions in gas flows of nitrogen using Wang Chang-Uhlenbeck
equations. Bartels derived the mathematical expressions for the collision cross-section on
the basis of the rotational state-to-state transfer rates by studying the relaxation of each
rotational state toward the equilibrium.
Kinetic theory has been widely used to model free molecular flows where a Monte
Carlo method is extended by some statistical model [10] to describe the energy exchange
between various degrees of freedom. In the other extreme case of the collision dominated
flow Knc → 0, the situation has been dealt: by modifying the transport coefficients
(Eucken corrections); extension of Enskog-Chapman perturbation method to molecular
gases (Wang Chang-Uhlenbeck equations [11]). However beyond these modifications, new
phenomena of bulk viscosity appear. It has been discussed long ago by Waldmann [12]
that for molecules with degenerated internal states, the quantum mechanical version of
the kinetic equation of the Waldmann-Snider type [11] is more appropriate. From the
above discussion regarding the flow field studies one can summarize that there have been
few attempts to develop a model suited for the flow problems with order of magnitude
variation in the cell Knudsen numbers (Knc = λ/∆z, where λ is the mean free path and
∆z is the typical cell dimension). In the present work, the classical equations similar
to the Chapman-Cowling model of rough spheres is followed and an interlaced system
of a path-integral form of the kinetic equation and conservation equation [13, 14], which
was developed for monatomic gases, is extended to nitrogen. Transition from studying
the monatomic ideal gas to molecular gases with internal degrees of freedom has its own
set of complexities. For instance, diatomic molecules such as nitrogen with its ability to
store energy in the internal degrees of freedom pose formidable difficulties because of the
multidimensional nature of the mathematical model describing the flow.
Object of this work is to use numerical and experimental tools to model the flow
of molecular gases with rotational degree of freedom. The molecular gas used in this
work is nitrogen and extensive experimental work has been carried out to study the
effect of temperature on rotational relaxation. The above mentioned interlaced system is
used as numerical tool for the mathematical modelling by extending it to nitrogen (with
3its molecule having rotational degrees of freedom) to study non-equilibrium effects by
including the set of rotational energy levels (vibrational degree of freedom is not studied
as the temperatures involved are not high enough to make nitrogen molecules vibrate).
The Electron Beam Fluorescence Technique (EBFT) is used as an experimental tool to
measure the rotational temperature in the heated free jets of nitrogen expanding into the
vacuum. The rotational temperature measurements are done using the 0− 0 vibrational
band of the nitrogen first negative system with a band head of 391.4nm in air, which is
the most prominent feature of nitrogen spectra at low densities.
Within the framework of the interlaced system for molecular gases with internal de-
grees of freedom, the evolution of the distribution function is studied in such a way that
molecules encountering rotational-rotational (R-R) and rotational-translational (R-T) en-
ergy transfers are described using a transition probability and collision cross-sections that
are functions of the relative velocity of the collision only. For the development of a re-
laxation model, a detailed study of molecular collision has been carried out with the help
of molecular dynamics simulations coupled with classical trajectory calculations. For a
realistic description of rotational energy transfer, a large number of samples are used.
Details of the physical model of molecular interaction and the relaxation model are given
in the Chapter 2.
In Chapter 3, the collision term of the kinetic equation is simplified using the expres-
sions for the collision cross-section and the transition probability as well as by replacing
the translation part of the distribution by related Maxwellians. The interlaced system for
nitrogen, where its molecules are treated as rigid rotators, is developed. In Chapter 4,
details of the free jet flows, stream tube model, numerical scheme, discretization and con-
vergence criteria are provided. Chapter 5 provides the details of the experimental facility,
experimental setup, and measurement technique. In Chapter 6, results for the two cases
of N2 flows viz. relaxation of a gas homogenous in space and free jet expansion are pre-
sented. For the free jet expansion, results from the numerical calculations are compared
with the experimental results obtained using the Electron Beam Fluorescence Technique.
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Chapter 2
Dynamics of Molecular Collision
Thermal equilibrium in any gas is a result of molecular collisions, where energy associated
with the internal degrees of freedom is exchanged between colliding molecules. For a
polyatomic molecule, the energy possessed is a function of the degrees of freedom. In
order to excite any one of the degrees of freedom it is essential to make molecules collide.
In any gas-dynamical process at first only translational equilibrium is achieved by the gas
molecules, vibrational and rotational equilibrium follow in time depending on the amount
of energy transferred per collision by molecules.
In the current chapter, the binary collisions of two nitrogen molecules are studied using
classical trajectory calculations. Although the Quantum-Mechanical treatment would
be desirable to study such collisions but within the formalism of the binary collisions,
Quantum-Mechanical effects are of negligible importance [11] and therefore it is possible to
treat the molecules as distinguishable particles moving along the classical trajectory. With
the help of canonical equations of motion coupled with the MD simulations, rotational–
rotational (R–R) and rotational–translational (R–T) energy transfers are described using
a transition probability and a collision cross-section which are functions of the relative
velocity of the collision.
2.1 Physical model of nitrogen molecule
A rotating nitrogen molecule can be modelled physically either as a simple rigid rotator
or as a symmetric top. In both the cases, the molecule does not vibrate and atoms of
mass m are assumed to be fixed at a distance of d0 to the ends of a weightless rigid rod.
The total mass of each atom is concentrated at the center and can be calculated from the
molecular mass of nitrogen and the Avogadro number.
In case of the rigid rotator model, the nitrogen molecule rotates about an axis passing
through the center of gravity and perpendicular to the internuclear axis with the assump-
tion that the moment of inertia about the internuclear axis is zero due to symmetry of
the molecule. In case, where a nitrogen molecule is modelled as a symmetric top, the
moment of inertia about the internuclear axis is not zero due to the number of electrons
revolving about the two nuclei and they have their own moment of inertia about the in-
5
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Figure 2.1: The physical model of a nitrogen molecule. The rigid rotator (left) and symmetric
top (right).
ternuclear axis (Fig. 2.1). Although the moment of inertia of electrons is small because
of the mass of electrons but the corresponding angular momentum is high because of the
high speed at which electrons rotate. The total angular momentum of a symmetric top is
not perpendicular to the internuclear axis of the molecule.
Rotational levels of a diatomic molecule described by a simple rigid rotator are de-
generated i.e. each level of an atomic system with total angular momentum J consists
of (2j + 1) states. In case of a symmetric top, rotational levels are doubly degenerated
and for each value of j, there are positive and negative rotational levels of equal energy,
see Fig. 2.2 [15]. The energy level diagram for a rigid rotator model starts with rota-
tional line j = 0, in case of the symmetric top model rotational levels j < Λ are missing
where Λ is the quantum number of the angular momentum Λ of the electrons about the
internuclear axis.
Although, the symmetric top model can describe the mechanism of rotation more pre-
cisely as compared to the rigid rotator model, there is a trade off in the ease in mathemat-
ical modelling of certain collision properties. And because of its simplicity in treatment,
the rigid rotator model was chosen for the current work.
When describing a nitrogen molecule as a rigid rotator, the moment of inertia I about
its axis of rotation is given as
I =
m
2
d20 (2.1)
and the rotational energy Erot, with angular velocity ω, as
Erot =
1
2
Iω2. (2.2)
From the quantum description of rotational energy, the solution of the Schro¨dinger
equation provides the possible energy states of the rigid rotator as
Erot =
h2j(j + 1)
4mpi2d20
= Bhcj(j + 1) (2.3)
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Figure 2.2: The energy level diagrams of a rigid rotator (left) and of a symmetric top (right).
For the case of the symmetric top when the value of Λ = 2, the levels j = 0
and j = 1 do not occur and are shown with dotted lines. For the symmetric top,
rotational levels are doubly degenerated [15].
where h is the Plank’s constant, c is the speed of light, j is the rotational quantum number
which can take the integer values 0, 1, 2, . . . and B is the rotational constant given as
B =
h
4pi2cmd20
(2.4)
2.2 Model of molecular interaction
2.2.1 Equation of motion for molecules
To describe the motion and configuration of a rigid body in space, six independent gen-
eralized Cartesian coordinates are needed. Three generalized coordinates [xyz]′, needed
to specify its orientation and rotation, are fixed in the rigid body relative to the three
generalized coordinates [xyz] that are needed to specify location and motion in laboratory
space (Fig. 2.3).
The motion of a diatomic molecule can be described in two ways. First, considering the
molecule as a rigid body (mass of a molecule M and moment of inertia tensor I) and sec-
ond, considering the two atoms as two point masses (ma and mb) separated by a distance
dab (Fig. 2.4). When treating a nitrogen molecule as a rigid body, the movement during a
single interaction is described with the help of the movement of its center of gravity (CG)
and rotation about the CG. The other requirement of the rigid body treatment is the
transformation of the laboratory co-ordinate system to the molecule co-ordinate system
CHAPTER 2. DYNAMICS OF MOLECULAR COLLISION 8
Figure 2.3: Configuration of molecule in space. Unprimed axes represent laboratory coordinate
system and primed axes represent body fitted coordinate system.
so that the moment of inertia of the molecule can be calculated along its principal axis.
In the current work, the two nitrogen atoms (of a molecule) are treated as two separate
particles (point masses)1. Under the point mass treatment, a weightless rigid connecting
rod is removed and therefore for a rigid body description to be valid in space, the distance
between both atoms (of the molecule) dab is kept constant by a reactive force Fab acting
along the line joining the two atoms of a molecule
(ra − rb)2 = d2ab. (2.5)
With the help of Lagrange multiplier (λab) [16] an expression for the reactive force Fab is
written as follows
Fab = λab(ra − rb). (2.6)
Newton’s equation of motion for both the atoms of a molecule, with the help of force
Fab, is written as
mar¨a = Fab + ΣFa (2.7)
mbr¨b = Fba + ΣFb (2.8)
where Fa and Fb are forces on atoms a and b respectively due to the second molecule.
An expression for the Lagrange multiplier λab can be developed with the help of
Eqs. 2.5, 2.6, 2.7, and 2.8
λab = − mamb
d2ab(ma +mb)
{
(r˙a − r˙b)2 −
[
1
ma
∑
Fa − 1
mb
∑
Fb
]
· (ra − rb)
}
(2.9)
1Point masses are idealized concentration of mass at a single point that has a precisely defined location
in space and whose size can be easily ignored in a given context. It is not the absolute size that allows
one to treat an object as a particle but its size relative to its environment.
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Figure 2.4: Two possible ways to describe molecular motion: rigid body (left), point
mass (right).
In the the case of a nitrogen molecule both atoms have equal masses, therefore ma
and mb are replaced by m and since there are two molecules involved in binary collision,
the equation of motion for an atom i is written as
mr¨i = Fij + ΣFik, i = 1− 4, k 6= i, j. (2.10)
For the equal masses the Lagrange multiplier is reduced to λij, where
λij = − m
2d2ij
{
(r˙i − r˙j)2 − 1
m
[∑
Fik −
∑
Fjk
]
· (ri − rj)
}
. (2.11)
2.2.2 Equation of motion for center of gravities
If the position vectors for the center of gravities of molecules 1 and 2 are r01 and r02
respectively, under the assumption that there is no external force acting on them, the
equations of their motion are given as
M1r¨01 = F12 (2.12)
M2r¨02 = F21 (2.13)
where M1 and M2 are masses of both molecules and F12, F21 are forces acting along the
the line joining their CGs. As F12 = −F21 and M1 = M2 = M , from the Equations 2.12
and 2.13 follows
r¨02 = −r¨01. (2.14)
Vector R is defined in such a way that it acts from the CG of the molecule 1 toward
the CG of molecule 2 i.e. R = r02 − r01 (Fig. 2.5) and with the help of Eqs. 2.12, 2.13,
and 2.14
R¨ = r¨02 − r¨01 = −2r¨01 (2.15)
M
2
R¨ = −F12 (2.16)
where Eq. 2.16 describes the motion of molecule 1 in a potential field of molecule 1
and molecule 2.
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Figure 2.5: Position vectors for two nitrogen molecules in collision.
2.2.3 Equation of motion for a molecule in rotation
To describe the rotation of a rigid body about a given point in space, three independent
variables, the Euler angles are used [16]. The Euler angles [θ, φ, ψ]2 are defined as three
successive angles for a transformation from a Cartesian system (body fitted coordinate
system [xyz]′) to another (laboratory coordinate system [xyz]) by means of three succes-
sive rotations 3. The following transformation matrix is written for all three rotations.
A =
 cosψ cosφ− cos θ sinφ sinψ cosφ sinψ + cosψ sinφ cos θ sinψ sin θ− sinψ cosφ− cos θ sinφ cosψ − sinφ sinψ + cos θ cosφ cosψ cosψ sin θ
sin θ sinφ − sin θ cosφ cos θ

(2.17)
A vector r in laboratory coordinate system is transformed to r′ in the body fitted
coordinate system with the help of transformation matrix A as follows
r′ = Ar. (2.18)
and the inverse transformation from the body fitted coordinate system to the laboratory
coordinate system is given by
r = A−1 r′. (2.19)
Care must be taken during the inverse transformation as transformation from the body
fitted coordinate system to the laboratory system suffers from a singularity when using
the Euler angles.
With the help of Eq. 2.19, the angular velocity ω of a molecule in the laboratory
2For the definition of the Euler angles, see [16], pp: 146-147.
3With the condition that no two successive rotations are about the same axis.
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coordinate system is written as
ω =
 sin θ sinφ cosφ 0sin θ sinφ − sinφ 0
cos θ 0 1
ω′ (2.20)
where ω′ is the angular velocity in the body fitted coordinate system.
With the help of the principal moment of inertia, the Euler equations of rotation are
written as follows [16]
Ixω˙x − ωyωz(Iy − Iz) = Tx (2.21)
Iyω˙y − ωzωx(Iz − Ix) = Ty (2.22)
Izω˙z − ωxωy(Ix − Iy) = Tz (2.23)
where Ix, Iy and Iz are diagonal elements of the inertia tensor
4 I; ωx, ωy and ωz are the
angular velocity components and Tx, Ty and Tz are the components of the moment due
to the external force in the body fitted co-ordinate system.
A rigid rotator model of a molecule, where two point masses are connected through a
weightless rigid rod, has three axes of symmetry which coincide with the three principal
axes. Out of the three principal moments of inertia [Ix, Iy, Iz], two of them, about axes
perpendicular to the internuclear axis, are equal [Ix = Iz]. Moment Iy, ωy as well as Ty
are small enough to be neglected (Fig. 2.3). With the help of Eqs. 2.21-2.23, one can write
ω˙x = Tx/Ix (2.24)
ω˙z = Tz/Iz (2.25)
where,
Ix = Iz = m
d2ab
2
.
When describing the motion of a rigid body using Euler equations, moments in the
laboratory coordinate system must be transformed to the principal axes of the molecule
(body fitted coordinate system). This can be easily done with the help of the transforma-
tion matrix A (Eq. 2.17). When calculating angular velocity components by integrating
Eqs. 2.24 and 2.25, components are to be transformed from the body fitted coordinate
system to the laboratory coordinate system and this is done using the inverse transfor-
mation.
2.3 The interaction potential
Force and moments acting on the two interacting molecules (see section 2.2) are calculated
from the intermolecular potential. A 2-centered-Lennard-Jones (2CLJ) potential model
is used in the current work which is a direct extension of the Lennard-Jones potential
4Principal moments of inertia along the principal axes.
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for atoms. A 2CLJ-potential for a nitrogen molecule is expressed as the sum of the
four interatomic potentials, which is formed through the symmetric arrangement of two
Lennard-Jones interaction centers on the internuclear axis of the molecule:
Φ2CLJ =
∑
i=a,b
∑
j=c,d
ΦLJ(rij) (2.26)
where,
ΦLJ(rij) = 4ε
[
2
(
σ0
rij
)12
−
(
σ0
rij
)6]
(2.27)
and rij [rac, rad, rbc, rbd] is the distance between interaction centers i = a, b of molecule 1
and to the interaction centers j = c, d of molecule 2. With the help of potential parameters
listed in Table 2.1, the force F12 between molecule 1 and molecule 2, which is the sum of
all the forces between atoms of molecule 1 and molecule 2, is given by
F12 =
∑
i=a,b
∑
j=c,d
[
−∂ΦLJ(rij)
∂rij
rij
rij
]
. (2.28)
The moments I1 and I2, due to the intermolecular potential about the CG of the
molecules, are normal to the internuclear axes and given by
I1 = −ra − rb
2
∑
i=a
∑
j=c,d
[
−∂ΦLJ(rij)
∂rij
rij
rij
]
+
ra − rb
2
∑
i=b
∑
j=c,d
[
−∂ΦLJ(rij)
∂rij
rij
rij
]
(2.29)
I2 = −rc − rd
2
∑
i=c
∑
j=a,b
[
−∂ΦLJ(rij)
∂rij
rij
rij
]
+
rc − rd
2
∑
i=d
∑
j=a,b
[
−∂ΦLJ(rij)
∂rij
rij
rij
]
. (2.30)
Vectors ra, rb, rc and rd are described in Fig. 2.5.
Table 2.1: Potential parameters for 2CLJ-potential for nitrogen [17].
σ0 ε ε/k
3.58 · 10−10m 5.96 · 10−22 J 43.2K
2.4 Classical trajectory calculations
In a collision between rigid molecules where no reaction takes place, mass, momentum,
angular momentum and total energy are always conserved. The state of the molecule
in question is described by defining its velocity c (treating the translational degree of
freedom classically) and its rotational quantum number J = 1, 2, · · · , j (treating the ro-
tational degree of freedom semi-classically), which is the characteristic of the excitation
of rotational state of the molecule. During the collision process the state of one molecule
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Figure 2.6: Schematic showing how the rotational states change for molecule 1 and molecule 2.
Molecule 1 changes its state from level ji to level jj while molecule 2 changes its
state from level jk to level jl.
is changed from c, i to c′, j and of the second molecule from c1, k to c′1, l. The indices i
and k represent the initial rotational levels of molecule 1 and 2 while j and l represent
rotational levels after the collision (Fig. 2.6). c and c1 are the velocities of molecules 1
and 2 respectively before collision and c′ and c′1 are the velocities after collision.
Using the above system of representing pre- and post collision molecules, expressions
for their energies before and after the collision can be given by the following set of equa-
tions:
Translational energy of molecule 1, before collision
Etr1 =
M
2
c2 (2.31)
Translational energy of molecule 2, before collision
Etr2 =
M
2
c21 (2.32)
Translational energy of molecule 1, after collision
E ′tr1 =
M
2
c′2 (2.33)
Translational energy of molecule 2, after collision
E ′tr2 =
M
2
c′21 (2.34)
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Rotational energy of molecule 1, before collision
Eroti = Bhcji(ji + 1) (2.35)
Rotational energy of molecule 2, before collision
Erotk = Bhcjk(jk + 1) (2.36)
Rotational energy of molecule 1, after collision
Erotj = Bhcjj(jj + 1) (2.37)
Rotational energy of molecule 2, after collision
Erotl = Bhcjl(jl + 1) (2.38)
From the law of conservation of total energy, one can write
Etr1 + Etr2 + Eroti + Erotk = E
′
tr1 + E
′
tr2 + Erotj + Erotl (2.39)
or
M
2
c2 +
M
2
c21 + Eroti + Erotk =
M
2
c′2 +
M
2
c′21 + Erotj + Erotl. (2.40)
If c and c1 are the velocities of the molecules in the laboratory coordinate system,
their relative velocity g before collision, relative velocity g′ after the collision and rela-
tive velocity of their center of masses G (which remains constant) in the center of mass
coordinate system are transformed as
g = c− c1 (2.41)
g′ = c′ − c′1 (2.42)
G =
c+ c1
2
(2.43)
which gives
c = G+
g
2
(2.44)
c1 = G− g
2
. (2.45)
By substituting the values of c and c1 from Equations 2.44, 2.45 in Eq. 2.40, an
expression for the post collision relative velocity can be obtained
M
(
G2 +
g2
4
)
+ Eroti + Erotk =M
(
G2 +
g′2
4
)
+ Erotj + Erotl (2.46)
or
g′2 = g2
(
1 +
Eroti + Erotk − Erotj − Erotl
Mg2/4
)
. (2.47)
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The relative translational energy before and after collision can be written as follows
Etr10 =M
g2
4
(2.48)
Etr20 =M
g′2
4
(2.49)
respectively and Eq. 2.39 can be written as
∆Etr +∆Erot = 0 (2.50)
where
∆Etr = (Etr20 − Etr10) = M
4
(g′2 − g2) (2.51)
and
(Erotj − Eroti) + (Erotl − Erotk) = ∆Erot. (2.52)
2.4.1 Initial conditions and parameters
Figure 2.7: Initial condition showing the requirement of geometric variables to describe ori-
entation and position of molecules in space and motion variables to describe the
state of molecules.
Geometric variables viz. rotation angle θ and φ (two sets), impact parameter b, and
initial separation a between the molecules are needed to describe the initial position and
orientation of the molecules in space. Variables that describe the state of the motion are
the relative velocity g and the angular quantum numbers J1, and J2 (Fig. 2.7). With the
help of the relative velocity g, the translational energy of the relative motion is calculated
while J1 and J2 give the rotational energies Erot1 and Erot2, which in turn, give the angular
velocities ω1 and ω2 of molecules 1 and 2 respectively. Initially both molecules remain in
the x-z plane and the relative velocity vector g is along the x-axis.
The initial separation a (along the x-axis) depends on the condition that it should
be large enough so that the intermolecular potential energy is much less than the kinetic
energy or in other words the forces and moments due to the interaction potential are small
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enough to be safely ignored. In current work the value of a is taken to be 4.0 σ0 where σ0
is the hard sphere diameter and equal to 3.58 · 10−10m.
In the initial stage of the MD simulation, the direction of the the rotation vector as
well as the orientation of the molecular axis must be distributed uniformly in space inside
a unit sphere. This is done by taking randomly generated any three numbers E1, E2
and E3 [18], [19] which represent three unit vectors in the three perpendicular directions.
Taking advantage of the symmetry of the nitrogen molecule, the condition
√∑
E2i ≤ 0.5
is applied and if those numbers fail the condition, the step of selecting the number is
repeated. The unit vectors corresponding to the random numbers are calculated as follows
Ei =
(xi − 0.5)√∑
(xi − 0.5)2
(2.53)
where xi is a random number in the interval [0, 1]. Since the vectors E1, E2 and E3 are
normal to each other, one of them is taken as the rotation vector. Rest of the two, E2 and
E3 then decide the position of one of the atoms of the nitrogen molecule. The position
of the other atom is the mirror image of the first one. Once the position of the atoms
in space is known, molecular orientation is fixed. With the help of vectors defining the
rotation axis, angles θ and φ can be calculated.
When studying the transition of rotational states, one needs to sample the data over
various geometries (as shown earlier) as well as over randomly distributed impact param-
eters. The impact parameter b is uniformly distributed in the interval [0, b0] in such a
manner that it is given by
b = b0
√
x (2.54)
where x is a random number in the interval [0, 1].
2.4.2 Reference parameters
In the current work, following reference values are used to make various variables dimen-
sionless so that the order O(1) is maintained throughout the calculations.
Reference mass mref is the mass of one nitrogen molecule:
mref = 4.64 · 10−26kg (∼= 0.028kg/mol).
The reference length is given by the hard sphere diameter
σ0 = 3.58 · 10−10m
and as reference velocity, the speed of sound is chosen
c0 =
√
γkT0
mref
where k = 1.38065 · 10−23kg m2 s−2K−1 is the Boltzmann constant and T0 is the temper-
ature of the gas.
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The reference time and the reference energy are defined by
tref =
σ0
c0
Eref = k T0
respectively.
The characteristic rotational temperature is given by
Tr0 = B
hc
k
= 2.89K.
2.5 Numerical simulation of molecular interaction
After setting all the initial parameters and satisfying the initial conditions, the numerical
simulation of the molecular collision of two nitrogen molecules was carried out by solving
the equations of motion described in the previous sections. Generally collisions were
studied for 30000 sets of the impact parameter (b/σ0) and initial rotation vectors as well
as orientations of a molecule in space for a given relative velocity g and for a given angular
velocities ω for both molecules. In other words while translational and rotational energies
of the molecules were fixed, initial geometries were varied over each sampling. At the start
of the simulation, the molecules were kept at a distance of a = 4σ0 apart (along the x-axis,
i.e. distance between their CGs was equal to
√
a2 + b2, where b is the impact parameter)
with the assumption that the intermolecular potential energy is much less compared to the
kinetic energy. The simulation ended, when the molecules were
√
a2 + b2 + 0.1σ0 apart.
2.5.1 Molecular scattering and energy transfer
The scattering angle χ is defined as χ = |pi−2β| (Fig. 2.8). This way a correlation between
the impact parameter b and the scattering angle χ is established, which further indicates
that there is no molecular scattering of any kind beyond a certain impact parameter
because of the assumption that the intermolecular potential has a finite range. If χ0 is
the average scattering angle corresponding to the impact parameter b0, then for any other
impact parameter (which is randomly selected) during the sampling (see section 2.4.1)
the scattering χ can be modelled as
χ(g, b, Erot1, Erot2) = χ0 +∆χ (2.55)
where scattering ∆χ is the deviation from the average scattering angle χ0 and scattering
angle χ (for given g, b, Erot1, Erot2) is a priori equally probable in all directions that can
be modelled as a probability function. Such a mathematical model is justified as there is
no apparent reason to do otherwise and nature does not prefer one particular scattering
angle to another. Of course, the success of this model rests on the success of the numerical
results obtained, see Fig. 2.9.
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Figure 2.8: Notation of binary collision and schematic description of molecular deflection
and scattering. Molecule 1 has relative velocity of collision g approaches molecule 2
which is at rest. The plane of the final relative velocity g′ makes an angle ², known
as azimuthal angle, with the plane of the relative velocity of approach g.
To study molecular scattering, a discriminating term, the adiabatic coefficient αad, is
introduced, which is defined as the ratio of the total energy to the initial translational en-
ergy
αad =
Etr10 + Eroti + Erotk
Etr10
(2.56)
Figure 2.9 shows the scattering distribution for the the velocity vectors of the
molecule 1 at the end of the molecular interaction. Initially the impact parameter b = 0
and the molecule 1 moves along the x-axis. The scattering ∆χ strongly depends on
the adiabatic coefficient αad. For the case where αad is O(1) i.e. the rotational energies
of the molecules 1 and 2 are comparable to the translational energy (T0 = 300Tr0 and
j1 = 20, j2 = 20), there exist hard collisions
5. A sudden drop and then a jump in the
translational energy indicates that the molecules fall into a potential well when they ap-
proach each other (Fig. 2.10). After passing through the potential well they reach the
repulsive region. There is no further change in the energies of the internal degrees of free-
dom after the molecules fall apart. After collision, the rotational energy of the molecule 1
drops significantly and of the molecule 2 increases slightly. Energy is transferred between
rotation-translation state, and ∆χ decays very fast (Fig. 2.9 (above)).
For the case where αad À 1 i.e. the translational energy is much smaller compared
to the rotational energies (T0 = 3Tr0 and j1 = j2 = 20), there exists the condition of
adiabatic collisions. That is, all directions are equally likely for c′ and ∆χ is spread over
5Even for the cases where translational energy is higher compared to the rotational energies, αad will
be close to one and only hard collisions will take place.
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Figure 2.9: Distribution of scattering ∆χ for the impact parameter b = 0 (30000 samples).
Molecule 1 (j1 = 20) is moving along the x-axis and molecule 2 (j2 = 20) is at the
center; T0 = 300Tr0 i.e. αad = 6.6 (above), T0 = 3Tr0 i.e. αad = 560 (below).
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Figure 2.10: Hard collision of two nitrogen molecules with j1 = j2 = 20, with relative velocity
T0 = 300Tr0 and total collision time tcoll = 2.8 ps. Trajectories of molecular
centers of gravity (above). Variation in the energies of translationEtr and rotation
Erot1 and Erot2 with time (below).
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Figure 2.11: Adiabatic collision of two nitrogen molecules with j1 = j2 = 20, with relative
velocity T0 = 3Tr0 and total collision time tcoll = 156 ps. Trajectories of molecular
centers of gravity (above). Variation in the energies of translationEtr and rotation
Erot1 and Erot2 with time (below).
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a very wide range. There is an intensive transfer of energy between rotation-rotation
states (Fig. 2.11). There are various peaks in the translational energy history indicating
the number of times the molecules pass through the potential well. When finally the
molecules part, the translational energy is slightly higher, the rotational energy of the
molecule 1 increases slightly and drops for the molecule 2. For this case both molecules
form a meta-stable pair of nitrogen molecules [1]. The time taken for the interaction is
about 60 times of the time taken for the hard collision (Fig. 2.9 (below)).
In Fig. 2.12 and Fig. 2.13, the distribution of the deflection angle χ (in radians) is shown
versus the impact parameter for various initial rotational energies corresponding to j1 and
j2 while the translational energy Etr10 is kept constant. There is a slight hint that, initially
the scattering angle χ varies as χ = 2arccos(b/σ0) and then it suddenly increases because
of the changing interaction potential. This trend is clearer for high velocity collisions
(αd ∼ 1), see Fig. 2.13. Even for the low velocity collisions (αd À 1), see Fig. 2.12, the
scattering angle is scattered around this curve. For all the cases, where g (or translational
energy Etr10) remains constant, there is practically no change in the cut-off distance after
which there is no molecular scattering irrespective of varying rotational conditions.
In Fig. 2.14 and Fig. 2.15, the distribution of the scattering angle χ is shown versus the
impact parameter for given initial rotational energies corresponding to j1 and j2 and for
varying translational energy Etr10. Although the scattering is more spread for the cases
where the relative velocity g is small, but once again the dependency of cut-off collision
diameter on the relative velocity g (or temperature) is quite evident.
In Fig. 2.16 and Fig. 2.17 the variation of the rotational energy transfer ∆Erot is shown
versus the impact parameter for various initial rotational energies corresponding to j1 and
j2 while the translational energy Etr10 is kept constant. The energy transfer is efficient
for the smaller values of b/σ0 but beyond a certain collision diameter there is practically
no transfer of rotational energies between the colliding molecules. In other words it can
be said that after a certain value of the collision diameter, molecular collisions become
completely elastic and therefore there is no possibility of exchange of any energy between
internal degrees of freedoms.
In Fig. 2.18 and Fig. 2.19, the variation of the rotational energy transfer ∆Erot is
shown versus the impact parameter for various initial translational energies Etr10 while the
rotational energies corresponding to j1 and j2 are kept constant. The effect of translational
temperature (or relative velocity g) on the limiting collision diameter b/σ0 is clearly visible.
For the temperature T0 = 3Tr0 the cut-off collision diameter is b/σ0 = 2.8, for T0 = 100Tr0
the cut-off collision diameter is b/σ0 = 1.5, and for T0 = 300Tr0 the cut-off collision
diameter is b/σ0 = 1.4.
From the MD simulations results sampled over a wide range of impact parameters,
relative velocities (or temperatures) and other parameters, it is evident that the cut-off
collision diameter b/σ0 is totally independent of rotational energy states of both molecules
and highly dependent on the relative velocity of collision. In other words there is a func-
tional relationship between the cut-off collision diameter b/σ0, beyond which no rotational
energy transition takes place, and the relative velocity g of molecular collision. There-
fore, the collision diameter σ(g, j1, j2) may be modelled as a function of only the relative
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Figure 2.12: Distribution of scattering angle χ (in radians) versus the impact parameter b/σ0
for different initial rotational states j1, j2 for T0 = 3Tr0, 30 000 samples.
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Figure 2.13: Distribution of scattering angle χ (in radians) versus the impact parameter b/σ0
for different initial rotational states j1, j2 for T0 = 300Tr0, 30 000 samples.
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Figure 2.14: Distribution of scattering angle χ (in radians) versus the impact parameter b/σ0
for different relative velocities g with initial rotational states j1 = 2, j2 = 6,
30 000 samples.
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Figure 2.15: Distribution of scattering angle χ (in radians) versus the impact parameter b/σ0
for different relative velocities g with initial rotational states j1 = 1, j2 = 10,
30 000 samples.
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Figure 2.16: Distribution of rotational energy transfer ∆Erot for different initial rotational
states j1, j2 versus the impact parameter b/σ0 for T0 = 3Tr0, 30 000 samples.
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Figure 2.17: Distribution of rotational energy transfer ∆Erot for different initial rotational
states j1, j2 versus the impact parameter b/σ0 for T0 = 300Tr0, 30 000 samples.
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Figure 2.18: Distribution of rotational energy transfer ∆Erot versus the impact parameter
b/σ0 for different relative velocities g with initial rotational states j1 = 2, j2 = 6,
30 000 samples.
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Figure 2.19: Distribution of rotational energy transfer ∆Erot versus the impact parameter b/σ0
for different relative velocities g with initial rotational states j1 = 1, j2 = 10,
30 000 samples.
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Figure 2.20: Variation of collision diameter with relative velocity of collision.. Cross-sections
obtained from Eq. 2.57 are compared with those from the MD simulation as well
as with those calculated by Bartels [1].
velocity g independent of the initial rotational variables j1 and j2
σ(g) = 1.38 σ0
(
300
Tref
)0.16
(2.57)
with Tref = g
2 Tm/Tr0, where Tm is the equivalent equilibrium temperature calculated
from the total energy
Etot =
3k
2M
Tm +
E¯rot
M
(2.58)
and E¯rot is the mean rotational energy calculated from
E¯rot =
jmax∑
i=0
Eroti exp [−Eroti/kTm].
The variation of collision diameter with the temperature is shown in Fig. 2.20. Cross-
sections obtained from Eq. 2.57 are compared with the cross-sections calculated using the
MD simulation as well as with those calculated by Bartels [1]. Equation 2.57 is not at all
an oversimplification at least not for the case of a diatomic molecule which is treated as a
rigid rotator. Things would be entirely different if one treats the molecule as a symmetric
top (see section 2.1).
2.5.2 Modelling the transition probability
For rotating diatomic molecules, total collision cross-sections are functions of all the allow-
able transitions between the rotational energy levels. The number of levels is of the order
of the ratio of the temperature T and characteristic rotational temperature Tr0 but the
number of rotational levels that must be considered for the collision cross-section calcula-
tion must be very large as well as this calculation must be made for each individual level
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assuming that rotational modes are fully excited and their classical representation is valid.
If during the collision process the state of one molecule is changed from c, i to c′, j and
of the second molecule from c1, k to c
′
1, l, then, assuming that the probabilities of direct
and inverse transition are equal, the total collision cross section is obtained as follows
σklij =
∫ 2pi
0
∫ ∞
0
P klij (b, Eroti, Erotj, Erotk, Erotl) b db dε (2.59)
where P klij (b, Eroti, Erotj, Erotk, Erotl) is the transition probability and ² is the azimuthal an-
gle.
Solving Eq. 2.59 numerically is a formidable task owing to the high dimensionality of
the expression. The only practical approach possible is to solve it by the Monte-Carlo
integration where the final transition of rotational energy is modelled by knowing the
frequency distribution of the initial and final rotational energies of the molecules.
In the Monte-Carlo integration [18], a multidimensional function f is integrated at N
uniformly distributed random points xi, . . . , xN over a multidimensional space volume V
i.e. the integral is equal to the averaged value of f over all calculated values at N points
multiplied by the space volume V ,∫
f dV ≈ V 〈f〉 ± V σ (2.60)
where V σ is a standard deviation error estimation for the integral, which might or might
not be distributed as a Gaussian, with
σ =
√
〈f 2〉 − 〈f〉2
N
(2.61)
and
〈f〉 = 1
N
N∑
i=1
f (xi), 〈f 2〉 = 1
N
N∑
i=1
f 2 (xi). (2.62)
With the help of Eq. 2.62, following expression for the transition probability can
be obtained
〈P klij 〉 =
Nklij
Nij
and 〈P klij 2〉 =
(
Nklij
Nij
)2
. (2.63)
Nklij is the number of favorable collisions where the transition from rotational states ji
and jk to states jj to jl takes place. Nij is the number total simulated collisions. The
transition probability P klij is sampled in the range 0 ≤ b ≤ σ(g) to keep the integral
volume V small6 since beyond a cut-off collision diameter σ(g) practically no transitions
take place (see section 2.5.1). Thus, the volume V is defined as V = pi σ(g)2 and the total
collision cross-section σklij may be written as
σklij = pi σ(g)
2
Nklij
Nij
(2.64)
6Selection of the multidimensional space volume V in question is very critical. It should be large enough
to contain integral boundaries and on the other hand, must not be very large as standard deviation error
is directly proportional to it (Eq. 2.60).
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After developing a mathematical model for σ(g), what remains is to develop a math-
ematical model for the transitional probability. A typical distribution of the transition
probability of rotational energy is plotted in Fig. 2.21 and Fig. 2.22 for 60 0000 collisions.
It is evident that the transition probability decays exponentially around the point (i, k).
With the help of MD simulations for the various parameters as T0 or corresponding rel-
ative velocity g, initial rotational states of molecules 1 and 2 j1 and j2 respectively, the
transition probability P klij , averaged over 0 ≤ b ≤ σ(g), is modelled as follows
P klij = P0w
kl
ij{
1
2.5
αad exp [−∆1 −∆2 −∆3 −∆4] + 2.5
αad
exp [−∆3 −∆4]} (2.65)
where
∆1 =
|∆E1 +∆E2|
Etr0
∆2 = 2
|∆E2 −∆E1|
Etot
∆3 = 4
|∆E1|
Etr0 + Eroti
∆3 = 4
|∆E2|
Etr0 + Erotk
∆E1 = Erotj − Eroti
∆E1 = Erotl − Erotk
wklij =
(2j + 1)(2l + 1)
(2i+ 1)(2k + 1)
and P0 is a normalizing constant obtained from the condition
jmax∑
j=0
jmax∑
l=0
P klij = 1,
where jmax is the maximum number of rotational levels that are needed to describe the
system properly.
A comparison between the transition probabilities calculated from the Monte-Carlo
simulation and the mathematical model developed in this section is shown in the Figs. 2.21
and 2.22. A typical example for T0 = 100Tr0, j1 = 10, j2 = 10 is given in Fig. 2.21; in
Fig. 2.22, a comparison is made for the parameters T0 = 300Tr0, j1 = 1, j2 = 10. It is
evident from the result that for the lower temperature, transition takes place mainly in
the region of lower and middle rotational levels (Fig. 2.21). Higher rotational levels are
not involved in the process of energy transfer and thus remain overpopulated. With the
increase in temperature, although the transition probability shifts from mid rotational
levels to the lower ones but higher rotational levels are also involved in energy trans-
fer (Fig. 2.22). This behavior of the transition probability will be more prominent in
the temperature range where collision cross-section becomes almost constant with the
increasing temperature.
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Figure 2.21: Transition probability P klij for T0 = 100Tr0 and j1 = j2 = 10. MD calculations;
sample: 600 000 runs (above), model corresponding to Eq. 2.65 (below).
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Figure 2.22: Transition probability P klij for T0 = 300Tr0 and j1 = 1, j2 = 10. MD calculations;
sample: 600 000 runs (above), model corresponding to Eq. 2.65 (below).
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Collision cross-section and transition probability have been separated, i.e. specially
when it comes to dealing with them in solving the interlaced system of equations. This is
contrary to the Bartels’ work [1], where he developed a mathematical model for the total
collision cross-section σklij . In Chapter 3, mathematical expressions for σ(g) and P
kl
ij are
used to transform the kinetic equation, where the problem of solving it numerically just
reduces to the construction of a method of calculating the collision operator.
Chapter 3
Interlaced System for Nitrogen
The basic idea behind interlacing conservation equations with the path integral (form
of the kinetic equation) is to extend the capability of the kinetic equation to describe
flow fields for very small cell Knudsen number Knc ¿ 1, where the information cannot
be passed along the grid using kinetic equation only. By interlacing, while conservation
equations, at one level, moves information along the grid, the kinetic equation, at molec-
ular level, describes the degree of non-equilibrium. Approximation of the path-integral
equation and different levels of approximation in the collision term of the kinetic equation
allow an adequate and efficient description of flows at any degree of non-equilibrium.
In this chapter a generalized interlaced system is developed that can be applied to
various flows of a diatomic gas such as: a gas in the gravitational field of a planet where
density varies exponentially with altitude, gas rotating inside a high speed spinning cylin-
der with enormous density change over a small radius, shock waves, boundary and shear
layers etc. A distribution function is defined for the nitrogen molecules and then an inter-
laced system of equations is developed using two versions of kinetic equations: As path
integrals which provide the distribution function after a time step (lower level), and as
sets of moment equations obtained from the equations of transfer (upper level), which
take higher moments, such as stress tensor and heat flux vector from the lower level and
impose global constraints upon the lower level distributions.
3.1 The distribution function
Location and other properties of a group of n particles can be described by an aver-
aged single-particle distribution function f(r, c, t) in physical space, which is the multi-
dimensional space formed by the combination of phase space (r − space) and velocity
space (c − space) and is macroscopically infinitesimal but microscopically infinite [20].
The probable number of particles at time t in a volume element r, dr in physical space
with velocities in the range c, dc in velocity space is f(r, c, t)dcdr under the condition that
after a time, which is longer than the duration of a single collision but short compared to
the time between successive collisions, the n-particle distribution becomes functionals of
the single-particle distribution [21]. Although due to averaging of the distribution func-
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tion, the information on the position of a single particle is lost, however, it is effective
enough to describe all measurable properties of the n-particle system [22].
In case of a nitrogen molecule, the single-particle distribution function fi in phase
space is defined for each rotational state whose classical limit is a Maxwell distribution.
To simplify the high dimensional distribution function, advantage of the symmetry on the
free jet axis of the stream tube may be exploited. With rotational energy Erot, quantized in
packets of Bhcji(ji+1)/(kT0), where ji = 0, . . . , jmax, a distribution function for nitrogen
molecules in rotational state ji is given by
fidrdc = f(r, c, Eroti, t)drdc, (3.1)
where fi or f(r, c, Eroti, t) is the distribution function for the molecules in rotational state
ji. The summation over all rotational levels ji provides
f =
jmax∑
i=0
fi (3.2)
with a Maxwellian in the limit of thermal equilibrium fi,M may be defined as
fi,M =
n
(2pikT/m)3/2
exp
[
− C
2
2kT/m
]
(2ji + 1)
Qr
exp
[
−Eroti
kT
]
(3.3)
where C = (c − u) is the peculiar velocity and Qr is the rotational partition function
given by
Qr =
∞∑
j=0
(2ji + 1) exp
[
−Eroti
kT
]
(3.4)
3.2 The kinetic equation
Before developing the kinetic equation, there are certain assumptions needed to make
sense of whole attempt. First, the external forces do not act on the molecules except they
are under the influence of each other’s potential; Second, only binary interactions take
place and the third, the two randomly selected molecules are statistically uncorrelated
prior to the interaction1. With the help of above assumptions, the evolution of fi is be
governed by a Boltzmann kinetic equation of the kind
Dfi =
∑
jkl
I(fifk, fjfl), (3.5)
where
D =
∂
∂t
+ c · ∇
and Dfi is the streaming operator. The differentiation is carried out along the trajectory
of a given molecule in the r-space with the assumption that there is no external force
1Molecules do not have any influence on each other when they are far apart. For an interesting
discussion on this aspect see Mathematical Methods in Kinetic Theory by Carlo Cercignani [23].
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acting on a molecule during a binary interaction. The right hand side of the equation is
called the collision term which represents the rate of change of fi at a fixed point due to
molecular interaction and defined as∑
jkl
I(fifk, fjfl) = Ri ≡ R(r, c, Eroti, t)) = Gi − fiνi, (3.6)
where Gi is the gain rate. The gain rate is a measure of the arrival of the particles at
velocities near c with the assumption that it is independent of the distribution function
of colliding particles. The loss rate fiνi represents the removal of particles from velocities
near c. Assuming that the intermolecular forces have finite range, expressions for Gi and
νi are obtained as follows [11]
Gi =
∑
jkl
∫
f ′jf
′
1,lP
lk
ji g
′b′db′dε′dc′1 (3.7)
νi =
∑
jkl
∫
f1,kP
kl
ij gbdbdεdc1. (3.8)
where P klij and P
lk
ji are the transition probabilities for the direct and inverse collisions
respectively and distribution function with subscript 1 belongs to the molecule 2.
3.3 Modelling the collision term
Before making any further attempt to proceed to develop the interlaced system for ni-
trogen, the collision term (Eq. 3.6) must be simplified. It is a formidable task to solve
it in its current form owing to the high dimensionality. In evaluating the collision term,
it has been tacitly assumed that the collisions other than the binary ones are negligible
in number and effect. Also, when considering possible collisions between molecules with
velocities in the given ranges, c, dc, it is assumed that the both sets of molecules are ran-
domly distributed without any correlation between velocity, orientation, and position [22]
(see Chapter 2).
A quantity ψ is defined in such a way that either it is a constant or a function of the
molecular velocity c. After multiplying Eq. 3.5 by ψ and integrating over c, the kinetic
equation yields ∫
ψisDfidc =
∫
ψisRidc (3.9)
which for a moment ψs is written as
Ωis = (
dψis
dt
)coll =
∑
i
∫
ψisRidc, (3.10)
where Ωis is called collision integral, (dψ
i
s/dt)coll is the average rate of change of the
molecular property ψis due to collisions. With the facts that 1. Ω
i
s is unchanged if c
and c1 are interchanged, 2. Ω
i
s is unchanged if c
′ and c′1 are interchanged and 3. pre-
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and post-collision, the collision integral is also interchangeable, Ωs may be symmetrized
as follows [23]
[Ωs] = (
dψs
dt
)coll =
1
4
∑
ijkl
∫
[ψis,c + ψ
j
s,c1 − ψks,c′ − ψls,c1′ ][f ′jf ′1,lg′P lkji − fif1,kgP klij ]bdbdεdc1dc.
(3.11)
where (dψs/dt)coll is the average rate of change of the molecular property ψs for the entire
gas due to collisions, ψis,c, ψ
k
s,c1 refer to two molecules before collision, and ψ
j
s,c′ , ψ
l
s,c1′ to the
same molecules after the collision. The change in the quantity ψ as a result of a collision
described by the quadruple [c, c1, c
′, c′1] is represented by [ψ
i
s,c + ψ
j
s,c1 − ψks,c′ − ψls,c1′ ].
For the case of summation invariants
ψ1 = m, ψ2 = mc, ψ3 = E, (3.12)
where E = mc2/2 +
∑
iEroti is the total thermal energy of a molecule in free motion
in the absence of external force. By conservation of mass, momentum and energy, ψis is
conserved and expressed as
ψis,c + ψ
j
s,c1 − ψks,c′ − ψls,c1′ = 0, (3.13)
Equation 3.11 vanishes for two conditions. One, by the definition of invariants
(Eq. 3.13) and second, in case of thermal equilibrium making the right hand side of the
Eq. 3.5 zero. The symmetry property of the Schro¨dinger equation establishes a reciprocity
relation for the collision cross-sections stating that in thermal equilibrium reaction rates
for each microscopic process and for the corresponding inverse process are equal (principle
of detailed balance2). Among the molecules undergoing binary collisions, for the rates of
direct and inverse collisions, following equation is written
(2jj + 1)(2jl + 1) exp[−Etot/kT ]g′P lkji = (2ji + 1)(2jk + 1) exp[−Etot/kT ]gP klij (3.14)
and an expression for P lkji is derived in terms of P
kl
ij
P lkji =
(2ji + 1)(2jk + 1)
(2jj + 1)(2jl + 1)
g
g′
P klij . (3.15)
By replacing P lkji in the expression of the collision term (Eq. 3.6), following expression for
the collision term is obtained [11]
Ri =
∑
jkl
∫
[f ′jf
′
1,l
(2ji + 1)(2jk + 1)
(2jj + 1)(2jl + 1)
− fif1,k]P klij gbdbdεdc1. (3.16)
To solve the multi-dimensional integral in Eq. 3.16, following ansatz for the distri-
bution function fi is used: The translational and rotational distribution functions are
2The principle of detailed balance states that for thermal equilibrium the differential reaction rates
for each microscopic process and for the corresponding inverse process are equal.
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independent of each other. To describe properties of a nitrogen molecule with ji rota-
tional state in general, a distribution function is written as a product of both rotational
and translation distributions. By taking distribution function ftr for the translational
degree of freedom as local Maxwell distribution fi,M at each point of the flow field, the
translational and rotational relaxation can be treated separately keeping the fact in mind
that the interaction between any pair of molecules is independent of their internal energy
state [11] as well as the time taken for translational relaxation is very short compared to
the rotational relaxation
fi = f
tr
M(c)froti (3.17)
with
f trM =
n
(2pikT/m)3/2
exp[− c
2
2kT/m
].
The number density of a rotational state ni is defined as the number of particles per
unit volume at a location r at time t i.e. ni is an integral of fi over c
ni =
∫
fidc = froti
∫
f trMdc = froti n. (3.18)
The rotational part of the distribution function is expressed as the fractional population
of each level
froti =
ni
n
= ζi =
(2ji + 1)
Qr
exp
[−Bhcji(ji + 1)
kT
]
(3.19)
so that the distribution function fi can be written in terms of a local Maxwellian and a
fractional population of the rotational level
fi = f
tr
M(c)ζi. (3.20)
The gain function fg is defined as the ratio of the gain rateG and the collision frequency
ν, such that in thermal equilibrium it is nothing but a Maxwellian [11] whose parameter
are the local density, hydrodynamic velocity, and temperature
fg =
G
ν
. (3.21)
The ansatz for fi (Eq. 3.20) is used to simplify the collision term Ri (Eq. 3.16). Starting
with simplifying the collision frequency νi by the summation and integration over (b, ε),
one obtains
νi = pi
∫ ∑
k
f1,k
∑
j,l
P klij gσ
2(g)dc1, (3.22)
as ∫ σ(g)
0
∫ 2pi
0
bdbdε = piσ2(g)
because of the limiting range of the molecular influence as shown in Chapter 2. The
integral in Eq. 3.16 becomes infinite if integrated over all values of b from 0 to ∞ and
that’s why a limiting range of b must be taken into account (the limit of the potential
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is also taken finite). As shown in Chapter 2, the range of molecular influence varies
depending on the relative velocity g of the molecular collision. Imposing this kind of
limitation on the intermolecular influence is acceptable as the grazing collisions do not
change velocities of the molecules to affect the behavior of the gas [11] (see Chapter 2).
To further simplify the expression for νi, a property of the distribution function f
is used (section 3.1, Eq. 3.2) where it is defined as the summation of the distribution
functions over each rotational level. Also for the given initial state (prior to collision)
(i, k), due to the normalization requirement
∑∑
P klij = 1
νi = pi
∫
f1gσ
2(g)dc1. (3.23)
With the help of Eq. 3.15, the gain rate Gi (Eq. 3.7) is rewritten as follows
Gi =
∑
jkl
∫
f ′jf
′
1,lw
kl
ijP
kl
ij gbdbdεdc1 (3.24)
where
wklij =
(2ji + 1)(2jk + 1)
(2jj + 1)(2jl + 1)
.
Using the ansatz for f ′j and f
′
1,l (Eq. 3.20), the integrand of Eq. 3.24 takes the follow-
ing form
exp
[
− c
′2
2kT/m
]
exp
[
− c
′2
1
2kT/m
]
ζjζlw
kl
ijP
kl
ij gσ
2(g)dc1. (3.25)
Now, using the energy conservation before and after collision (see section 2.4) and replac-
ing [c′2 + c′21 ] by [
(c2 + c21) +
2
m
(Eroti − Erotj) + 2
m
(Erotk − Erotl)
]
,
Eq. 3.25 gives
exp
[
− c
2 + c21
2kT/m
− Eroti − Erotj
kT
− Erotk − Erotl
kT
]
ζjζlw
kl
ijP
kl
ij gσ
2(g)dc1, (3.26)
which on proper rearranging and using the definition of fi,M (Eq. 3.3) yields the following
expression for the gain rate Gi
Gi = pifi,M
∫ ∑
jkl
f1,k,M
(
ζj
ζj,eq
)(
ζl
ζl,eq
)
P klij gσ
2(g)dc1, (3.27)
where ζj,eq and ζl,eq are fractional populations for the rotational states jj and jk respec-
tively in thermal equilibrium.
The main advantage of the Eq. 3.27 is that the presence of the Maxwell distribution
function drives it toward equilibrium. With the help of the Boltzmann H-theorem3 (see
3It states that kinetic theory describes a process that is irreversible in time.
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Eq. 3.11) it can be proved that in case of thermal equilibrium there is one and only one
set of distribution function for which the collision term Ri vanishes i.e. fi = fi,M . In
other words with the relaxation in time (t → ∞) the distribution function approaches
a Maxwellian. Although, at one point, symmetry of Eq. 3.11, which is due to purely
mechanical treatment of binary collisions (see Chapter 2), is negated, the fact that in both
cases, the system is driven toward the state of maximum entropy, is very important (pp: 55-
61, [23]). The other advantage of this expression is that, after the transformation from c1
to g, it is reduced to only one single dimension [13].
Since the task is to express a simplified expression for Gi in terms of the gain function
(as defined in Eq. 3.21) and the local Maxwellian fi,M . A velocity dependent collision
frequency is defined as follows
ν+i = Gi/fi,M (3.28)
or
ν+i = pi
∫ ∑
jkl
f1,k,M
(
ζj
ζj,eq
)(
ζl
ζl,eq
)
P klij gσ
2(g)dc1 (3.29)
or with the help of Eq. 3.3
ν+i = pin
√
2pi
k
m
T exp
[
−(c− u)
2
2kT/m
] ∫ ∑
jkl
ζk,eq
(
ζj
ζj,eq
)(
ζl
ζl,eq
)
P klij gσ
2(g)dc1. (3.30)
In the process of simplifying the collision term Ri, νi is replaced by νM with the
reasoning that even for strong non-equilibrium, νi does not greatly differ from νM , which
is a velocity dependent collision frequency in case of thermal equilibrium [24], [25]. The
collision frequency νM grows proportional to C for ξ À 1 and has a minimum at C
corresponding to the center of gravity of fM [13].
νM = pin
√
2pi
k
m
T exp
[
−(c− u)
2
2kT/m
] ∫ ∞
0
gσ2(g)dc1. (3.31)
Finally, the collision term is modelled by introducing a gain function
fi,g = ν
+
i fi,M/νM . (3.32)
as
Ri = νM(fi,g − fi). (3.33)
3.4 The path integral
The general form of the basic kinetic equation, Eq. 3.5 is integrated along a path s
corresponding to the direction of velocity c, starting at an initial point r0 in r-space and
ending after the time t at a point r = r0 + ct, a non-linear integral equation which gives
the new distribution, is obtained [11]
fi = fi,0 exp[−
∫ t
0
νidt
′] +
∫ t
0
exp[−
∫ t
t′
νidt
′′]Gidt′. (3.34)
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The homogenous part (first term) of Eq. 3.34 describes the loss which the distribution
function fi,0 suffers due to scattering of particles. That is, if the trajectory of the particle
having velocity c is traced back from its position r at time t, one finds that the particle
came form the initial distribution. The particular solution (second term) describes the
gain. That is, if the trajectory of the particle having velocity c is traced back from its
position r at time t, one finds that the particle obtained the velocity c due to collision
at a later time t > 0. It is interesting to note that for Kn0 → ∞, gain and loss due to
collision can be completely neglected and fi,0 is moved unaltered from r0 to r [13].
For a one–dimensional case a grid along the axis z is introduced with the moments
Q defined on the integer grid points m, with zm = m∆z. At time level t = n∆t, on the
half–integer grid points (m + 1/2), the functions νi, ν
+
i , fi are available. At the starting
point 0 of the path integral these functions have to be interpolated. Predictor for point 1
on time level (n+ 1)∆t is
fn+1i,m+1/2 = f
n
i,0 exp[−νn0,M∆t] +
(
ν+i
νM
)n
0
fni,0,M(1− exp[−νn0,M∆t]). (3.35)
To achieve a second–order accuracy, one can use a two–point integral with piece–wise
constant integrands. Functions [fi, ν
+
i , νM ]
n
0 are needed to be interpolated and approxi-
mated at [m,n + 1] by those at [m,n] using the first step of an integral iteration on the
integral equation [13].
3.5 The conservation equation
Multiplying the basic kinetic equation (Eq. 3.5) with the moments ψi (Eq. 3.12), summing
over all levels j, and integrating over c provides the conservation equations4
∂
∂t
Qi +∇Fi = 0 (3.36)
where
Qi =
∫
ψi
∑
j
fjdc (3.37)
and
Fi =
∫
c ψi
∑
j
fjdc (3.38)
with moments
Qi =
[
ρ, ρu, ρ
(
3k
2m
T +
E¯rot
m
)
+
ρ
2
u2
]
, (3.39)
and fluxes
Fi =
[
ρu, ρuu+P, ρu
{(
3k
2m
T +
E¯rot
m
)
+
ρ
2
u2
}
+ q+P · u
]
, (3.40)
4Both ψi and fj refer to the molecules of class c and the moment equation is obtained by integrating
over all classes of molecules [26].
3.6. THE INTERLACED SYSTEM 45
where
E¯rot =
jmax∑
j=0
Erotjζj
and stress tensor P and non-convective energy flow vector q are defined as follows
P =
∫
mCC
∑
j
fjdc (3.41)
q =
∫
m
2
C2C
∑
j
fjdc. (3.42)
The Eq. 3.36 expresses the time variation of the local density of the conserved variables
viz. mass, momentum, and energy as the divergence of the corresponding flow. For the
case of the mass, the flow is ρu; for the momentum, the flow tensor is the sum of two terms
viz. the macroscopic convection flow ρuu and the stress tensor P. For the energy, the flow
consists three terms viz. the macroscopic convection flow ρu{(3kT/2m+E¯rot/m)+ρu2/2},
the heat flow q (the average microscopic energy flow measured in a reference frame moving
at a local velocity u), and the work done by the pressure forces P · u.
The stress tensor P is the macroscopic momentum due to the random motion of the
molecules calculated in a reference frame moving at the local velocity u. The predominant
motion of the molecules is along streamlines but there is a small thermal component
perpendicular to the streamlines. And thus, the pressure tensor P can be written as
Pik = pδik − σik (3.43)
σik = −
∫
m(CiCk − δikClCl)
∑
j
fjdc (3.44)
where σij, is the shear stress tensor, p the pressure, u the hydrodynamic velocity, and
C = c−u the peculiar velocity relative to the center of gravity of the distribution function.
The peculiar velocity C describes the random deviation of the molecular velocity c from
the ordered motion with velocity u.
3.6 The interlaced system
The conservation equations (Eq. 3.36) in their current form are not suitable for interlacing
and are needed to be discretized by defining the moments. The task of discretization can
be carried out by calculating the moments Qi on an integer grid m = 0, 1, . . . ,M0 + 1.
However, the distribution function fj and fluxes Fi must be calculated on a half integer
grid [13]. Along with fluxes, fj also provides the moments σik and qi wherever necessary
(see Fig. 3.1).
By integrating the Eq. 3.36 over a finite volume element, the numerical scheme for
calculating the moments Qi, is written as follows
Qn+1i,m = Q
n
i,m +
∆t
2∆x
[Fni,m−1/2 + F
n+1
i,m−1/2 − Fni,m+1/2 − Fn+1i,m+1/2], (3.45)
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Figure 3.1: The numerical scheme for interlaced system at z = m∆z and t = n∆t for the
upper level moments Qi, the fluxes Fi and the lower level distribution function fj ,
νj and ν+j .
where Qn+1i,m is a cell averaged moment over a distance from (m− 1/2) to (m+ 1/2).
To be able to perform this step, fn+1j,m±1/2 must be obtained first from the path integral.
Thus, the upper level is influenced through the fluxes Fi. For the case tν¯ À 1 the path
integral is unable to provide any information to the fluid flow5 and the interlaced system
works as Navier-Stokes equations by just providing moments σik and qi [22]. But there
is one fundamental difference between both as later, although would be easier to handle
as well as one can do away with all the extra information coming from molecular level, is
not adequate for large cell Knudsen number encountered in free jet expansion.
3.6.1 Discretization of fi in r-space
Integral equation (Eq. 3.34) needs to be solved approximately using a difference scheme
assuming that the distribution function fi is continuous in 1-dimensional r− as well as
in 3-dimensional c-space and can be represented by discrete values. For example in r
space, with grid spacing ∆z, at any point m along z, fi is represented by fi,m−1, fi,m and
fi,m+1 with certain order of magnitude error depending on the grid spacing ∆c. A strict
condition regarding grid spacing 4 z should be followed that it should always be greater
than cz∆t [13].
5ν¯ is average collision frequency over time t and although for Knc → 0 i.e. tν¯ À 1, fi → fj,M , it is
not equivalent to fj = fj,M which is the case for Euler equations.
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Figure 3.2: The c-space and its discretization.
3.6.2 Discretization of fi in c-space
To approximate fi in the c-space, an adapted c-space grid (ACSG) is used. The volume
of the space is limited by the term h3mN
3
0 where hm is the lattice constant and is defined
by the local temperature T and N0 is the number of grid points along one of the axes.
With the dependency of hm on local temperature T , the space allotted to the c-space can
be used in optimal way. In c-space, the particle velocity at point P (Fig. 3.2) is given by
c = ud + Ihm (3.46)
where ud is the displacement velocity such that the center of gravity of the distribution
function fi is near the center of the c-space cube.
ud = I
N0 + 1
2
(3.47)
For the peculiar velocity C, one writes
C = c− u = ud + Ihm − u. (3.48)
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Chapter 4
Free Jet Flows of Nitrogen
For experimental as well as numerical studies, an axisymmetric free jet expansion of
nitrogen is treated as spherical source flow. This means quite a good representation of
the free jet flow especially along the centerline of the jet. The almost spherical flow
near the centerline is an ideal way of studying rotational non-equilibrium, where the
decreasing number of collisions among nitrogen molecules leads to non-equipartition of
energies among the translational and rotational degrees of freedom and non-Boltzmann
distribution among the rotational levels.
In this chapter, on the basis of experimental results made available by Ashkenas and
Sherman [27], a suitable stream tube model for the free jet flow is developed. The equation
of transfer and the path integral for the free jet expansion are developed from the kinetic
equation. The method and the importance of using adapted c-space grid is discussed and
the numerical scheme, convergence criteria, and performance issues are evaluated.
4.1 Numerical studies
4.1.1 Free jet stream tube
Expanding from an orifice of diameter D0, the streamlines become almost radial beyond
a distance R > D0 and appear to radiate from a source making the flow field description
rather simple. Especially, near the jet axis a stream tube cross-section area can be easily
deduced from the empirical relations made available by precise Pitot pressure measure-
ments along the centerline [27]. With the help of these empirical relations a stream tube
area can be modelled. This relation can be extrapolated to the region of subsonic flow so
that the radius of the stream tube is written as
R˜ =
R
R∗
= 1 + a1|zˆ|+ a2 {exp
(
−|zˆ|a1
a2
)
− 1} (4.1)
where |zˆ| = z/D0 − 0.2, R∗ is the reference radius at |zˆ| = 0, a1 = 1.42 and a2 = 0.5.
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Figure 4.1: The free jet flow geometry in a stream tube.
4.1.2 Equation of transfer
For the moments Q and fluxes F, the equations of conservation for free jet flow, in a
stream tube of cross-section area A(z), are written as follows
∂
∂t
Qi +
1
A
∂
∂z
(AFi) = Si (4.2)
with
Qi =

ρ
ρu
ρ(E + u2/2),
(4.3)
Fi =

ρu
ρu2 + p− σzz
ρu(E + p/ρ+ u2/2) + qz − σzzu,
(4.4)
and
Si =

0
p∂lnA
∂z
0.
(4.5)
where E is the sum of the translational energy and the energy of internal degrees of free-
dom
E =
3
2
k
M
Ttr +
E¯rot
M
, (4.6)
E¯rot is the rotational energy averaged over all the rotational levels
E¯rot =
jmax∑
j=0
Erotij exp [−Erotj/kTtr] (4.7)
and
∂ lnA
∂z
=
2
R
∂R
∂z
=
2a1 (1− exp [−|zˆ| a1a2 ])sign zˆ
{1 + a1 |zˆ|+ a2(exp [−|zˆ|a1a2 ]− 1)}D0
. (4.8)
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The sign of ∂ lnA/∂z varies with the shape of the stream tube. For the convergent part
the sign is negative and for the divergent part it is positive.
For the computational convenience, the system of equations described in the section 3.5
are reduced to dimensionless form with the following definitions:
ρ˜ =
ρ
ρ0
(4.9)
p˜ =
p
ρ0(k/M)T0
(4.10)
T˜ =
T
T0
(4.11)
u˜ =
u√
γ(k/M)T0
(4.12)
E˜ =
E
kT0
(4.13)
τ˜ =
τ
D0/
√
γ(k/M)T0
(4.14)
z˜ =
z
D0
(4.15)
A˜ =
A
A∗
(4.16)
Kn =
kT0√
2pip0D0σ20
(4.17)
where p0, T0 and ρ0 are pressure, temperature and density respectively at the stagnation
condition, A∗ is the stream tube cross-section area at z˜ = 0 and Kn is the Knudsen
number, ratio of the characteristic system length and the mean free path λ0 = 1/
√
2pin0σ
2
0.
With the help of the reference parameters given above, the equations of free jet flows
in non-dimensional form are obtained by multiplying continuity, momentum and energy
equations with D0/(ρ0a0), D0/(ρ0a
2
0), D0/(ρ0a
3
0) respectively
∂
∂t˜
ρ˜+
1
A˜
∂
∂z˜
(ρ˜u˜A˜) = 0 (4.18)
∂
∂t˜
(ρ˜u˜) +
1
A˜
∂
∂z˜
(ρ˜u˜2 +
p˜
γ
− σ˜zz)A˜ = p˜
γ
∂ lnA˜
∂z˜
(4.19)
∂
∂t˜
[
ρ˜(
3
2
T˜ + ˜¯Erot +
u˜2
2
)
]
+
1
A˜
∂
∂z˜
[
ρ˜u˜((
5
2
T˜ + ˜¯Erot) +
u˜2
2
) + q˜z − σ˜zzu˜
]
A˜ = 0 (4.20)
where
∂ lnA˜
∂z˜
=
2
R˜
∂R˜
∂z˜
=
2a1 (1− exp [−|zˆ| a1a2 ])sign zˆ
{1 + a1 |zˆ|+ a2(exp [−|zˆ|a1a2 ]− 1)}
. (4.21)
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4.1.3 Calculation of moments
The distribution function and their moments are defined at equidistant points on the free
jet axis (z-axis) at zm. In the velocity space the distributions are defined on an equidistant
cartesian grid with a lattice constant hm dependent on the location z (or local temperature
T ). For a given grid point zm, moments such as number density (of a rotational state),
mean rotational energy, stress tensor and heat flux vector are obtained as sums over all
grid points in the c-space. With the indices [i′, j′, k′] for velocities [cx, cy, cz] in c-space
(see section 3.6.2), one can write
Ci′ = ud + Ihm, Cj′ = ud + Jhm, Ck′ = ud +Khm − u
and the number density, rotational energy, velocity, density, stress tensor, temperature,
pressure, shear stress tensor and heat flux vector are written as
n =
∑
j
nj = h
3
m
∑
j
∑
i′j′k′
fi′j′k′,j,m, (4.22)
Erot =
∑
j
Erotj
nj
n
, (4.23)
u =
h3m
n
∑
j
∑
i′j′k′
Ck′fi′j′k′,j,m, (4.24)
ρ = mn, (4.25)
Pi′j′ = mh
3
m
∑
j
∑
i′j′k′
Ci′Cj′fi′j′k′,j,m (4.26)
Ti′i′ =
Pi′i′
kn
(4.27)
T =
1
3
(Txx + Tyy + Tzz), (4.28)
p = nkT, (4.29)
σi′j′ = pδi′j′ − Pi′j′ (4.30)
qz =
m
2
h3m
∑
j
∑
i′j′k′
Ck′C
2fi′j′k′,j,m (4.31)
respectively.
4.1.4 Rotational temperature calculation
Conventionally the population of the rotational levels, ζj, is described by a rotational
temperature Trot which is equal to T in case of equilibrium. In the limit of equilibrium,
the rotational population distribution ζj is of Boltzmann type, and the corresponding
rotational temperature is equal to the translational temperature. However, during the
free jet expansion, the population of the rotational levels cannot be described by a Boltz-
mann distribution. In the current work, the rotational temperature is calculated from
the average energy. When transferring the rotational partition function, Eq. 3.4, to a
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non-dimensional integral, one obtains
Qr =
∫ ∞
0
(2j + 1) exp[−Erotj
kT
]dj =
T
Tr0
(4.32)
and the average energy is written as
Erot =
1
Qr
∫ ∞
0
Erotj(2j + 1) exp[−Erotj
kT
]dj = kT. (4.33)
Equations 4.32 and 4.33 are used to define the rotational temperature Trot
Trot = Erot/k. (4.34)
The equation 4.32 is only valid for jmax → ∞. For small rotational temperatures,
where not many rotational lines have been used, for a given Erot, Trot is determined from
the corresponding sum of rotational energies of each level
Erot =
∑
j
ζjErotj =
1
Qr
jmax∑
j=0
Erotj(2j + 1) exp[−Erotj
kTrot
]. (4.35)
4.1.5 Adapted c-space grid
It has been already mentioned before that the lattice constant hm varies with z or the
local temperature T . This allows to use efficiently the c-space grid even far downstream
where the temperatures become small and keep the distribution compact. As a matter of
fact, without this method it would be hopeless to treat the problem of free-jet expansion.
An example of the extent of grids for the free-jet expansion is shown in Fig. 4.2.
For each grid there exists offsets such that the center of gravity of the distribution
is near the center of the c-space cube. Usually a three-point interpolation is performed
using the points at (m − 1),m, (m + 1) in a way described by Beylich [13]. Since for a
given velocity [cx, cy, cz] the lattice constant hm varies with m, the corresponding vectors
found in the systems at m − 1,m,m + 1 point to some interstitial points with offsets
∆cx,∆cy,∆cz to the nearest grid point, and the corresponding functions are obtained
from a seven-point interpolation. This is done for each point [i′j′k′], however, the time
consumption is still negligible as compared to the determination of ν+i .
4.1.6 Rotation of the velocity vector
In the stream tube model used in the current work, the upper level moments are only
functions of the variable z. When constructing the distribution functions, however, one
should keep in mind that the transfer from point 0 at time level n to point 1 at time
level n+ 1, (Fig. 3.1), is not in a cartesian but in a curvilinear system. This means that,
generally, over a time ∆t the velocity vector c performs a rotation in c-space.
This rotation can be determined in the following way: At a cross section A(z) the
stream tube can be locally approximated by a cone having a slant hight rloc(z). In such
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Figure 4.2: Projections of c-space grids at two points on the jet axis. Large grid at z/D0 =
−0.5 (above), small grid at z/D0 = 8 (below).
Figure 4.3: Rotation of vector c in a spherical system.
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a spherical system a vector c will be rotated by an angle α when changing from point A
to B over a time ∆t, see Fig. 4.3. For the given point [i′j′k′] in the c-space grid with the
corresponding components [cx, cy, cz] one takes advantage of the cylindrical symmetry in
the distribution for the present problem and builds the pair
cn =
√
c2x + c
2
y, cr = cz.
Then the rotated vector in point 0 (Fig. 3.1) will have the components
cr0 = cr cosα− cn sinα,
cn0 = cr sinα+ cn cosα, (4.36)
where
α = arcsin
cn∆t
r1
. (4.37)
with
r1 =
√
(cn∆t)2 + (rloc − cz∆t)2.
4.1.7 Global constraints
During the calculation of G, ν, ν+ in c-space instead of the exact interstitial points,
nearest grid points are used (see section 3.6) which results in a lack of orthogonality of
the right hand side integral of the equations of transfer for the summational invariants.
Since changes along the stream tube are performed at the upper level, the lower level is
unable to deal with them by its own. As a consequence, for each time step for the path
integral, there is a corresponding small deviation in the distribution function fn+1i,m at the
time level t = tn+1, which is propagated further into the upper level moments. Thus
a global constraint is imposed upon the distributions using the upper level moments by
performing a corrector step [28]. The corrected distribution is obtained from
f corrm+1/2 =
∑
j
5∑
k=1
fn+1j,m+1/2αk ψk (4.38)
with ψ = [m,mc,mc2/2]. With the help of the corrected distribution from Eq. 4.38, the
upper level moments are calculated
Qi =
∫
ψif
corr
m+1/2dc =
∫
ψi
∑
j
5∑
k=1
fn+1j,m+1/2αk ψk dc (4.39)
and αk is defined as
αk =
∫
ψi
∑
j f
n+1
j,m+1/2 dc−
∫
ψif
corr
m+1/2dc
aik
, (4.40)
where the element aik is defined as
aik =
∫
ψi
∑
j
fn+1j,m+1/2 ψk dc. (4.41)
The factor αk is calculated by solving the Eq. 4.40 iteratively.
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Figure 4.4: Development of residuum R with time for p0 = 0.1mbar, T0 = 300K, p0D0/T0 =
0.0033mbarmm/K.
4.1.8 Convergence criteria
Numerical calculations were performed in a finite region of the stream tube between
zmin = −1D0 and zmax = 4 ∼ 8D0 on an equidistant grid zm = zmin + m∆z, m =
0, 1, 2 . . . ,M . For the stream tube flow, the simulations were carried out according to the
finite-difference McCormack’s scheme, where spatial derivatives are approximated with
second order accuracy in space as well as in time. The upstream boundary conditions at
zmin were obtained by assuming an isentropic expansion from the stagnation conditions
to the cross-section A(zmin). Since the flow is supersonic at zmax, variables were linearly
extrapolated. For the starting, isentropic values along the jet axis were used as the initial
values, with the distribution function being local Maxwellian and T˜ = T˜rot = T˜M , νM and
ζ were equally distributed over various molecular orientations.
The relaxation toward a steady state was controlled by monitoring the residuum Rn =∑M
m=0 | ρ˜n+1m − ρ˜nm | for each time step ∆ t = tn+1 − tn. In Fig. 4.4, the residuum R is
plotted as function of time for a typical case of p0 = 0.1mbar, T0 = 300K, p0D0/T0 =
0.0033mbarmm/K and N(c, j) = [193, 16]. The final value of R depends on the number
of grid points used in the calculation of Gi and νi characterized by N(c, j).
Chapter 5
Experimental Study
To study rotational non-equilibrium, experiments on free jets of nitrogen were carried out
in the low density wind tunnel of the Shock Wave Laboratory, RWTH Aachen. Stagnation
chamber and heater were installed on a traverse unit that allowed the jet to be moved
in three mutually perpendicular directions. The heater allowed the gas to be heated
inside the stagnation chamber. The gas flow to the stagnation chamber was controlled
by a set of flow meters. Stagnation pressure and ambient pressure were measured by
capacitive gauges.
This chapter provides a detailed description of the experimental facility, experimental
setup used in the current investigation, and measurement technique.
5.1 The low density wind tunnel
The tunnel consists of two crossed cylinders made of steel with diameters of 1.8m and
2.4m and lengths of 6m and 4m, respectively. The net volume of the vacuum tank is
28m3. The stagnation chamber was mounted on a 3D traverse unit located inside the
tank. A schematic diagram of the tunnel is given in Fig. 5.1. The tunnel is a continuous
running facility for which the pumping facility can be classified in three categories
1. Oil vapor booster pump (Edwards 100 B4) with two heaters of 45 kW each. Oil
capacity of the pump is 320 l and the pumping capacity is 79000m3/h for air.
2. The oil vapor booster pump is supported by three pumps. One Roots pump (Ed-
wards ER 2000) with pumping capacity of 2500m3/h for air and two rotary pumps
(Edwards EU 250) with pumping capacity of 250m3/h for air each.
3. Centrifugal water ring pump ( Sihi LPh 75320). This is an additional pump which
is not used with the booster pump (not shown in Fig. 5.1). Pumping capacity of
this pump is 750m3/h and lowest pressure allowed for this pump is 33mbar.
For all the experiments all the pumps except the water ring pump, were used in a
specific manner to achieve a minimum possible ambient pressure (about 0.0004mbar).
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Figure 5.1: Low density wind tunnel at the Shock Wave Laboratory, Aachen University. 1:
Edwards 100 B4 oil vapor booster pump. 2: Edwards ER 2000 roots pump, 3:
Edwards EU 250 rotary pumps.
5.2 The electron gun
The electron gun (EG) is mounted inside the vacuum tank. A schematic of the EG is
shown in Fig. 5.2. A tungsten cathode is fixed inside the cathode holder. The cathode
is kept at very high negative voltage of about 15 kV to 18 kV and emits electrons upon
heating1. The cathode is surrounded by the Wehnelt cylinder. The Wehnelt cylinder2 is
a cylindrically shaped metal casing that can be charged up to several hundred volts with
opposite potential. Wehnelt voltage is used to control the intensity of the electron beam
by varying the voltage applied. The anode is located just below the Wehnelt cylinder. It is
a mushroom shaped object with a center hole through it. External diameter of the anode
is about 30mm. The first deflecting and focusing unit (X1, Y 1, F1) is located below
the anode. The behavior of the moving electron in a magnetic field is well known and
understood and with the help of the same principle, the deflection of the electron beam
in X as well as in Y direction can be manipulated by varying the applied voltage across
the unit. These above mentioned units are located in the inner chamber of the assembly.
The second deflection and focusing unit (X2, Y 2, F2) is located outside of this chamber.
To prevent deterioration of the cathode as well as to reduce the scattering of the
1Three different kinds of tungsten wires were available for the cathode, (a) 0.2mm diameter wire (b)
0.3mm diameter wire and (c) flat wire of 0.4mm× 0.1mm cross section. In the current work the 0.2mm
diameter tungsten wire was used.
2Also known as cathode-ray tube grid or shield.
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Figure 5.2: Schematic of the electron gun assembly.
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beam, the inner chamber of the electron gun is kept at a very low pressure of about
10−3mbar during the whole operation with the help of a small diffusion pump (Leybodiff
400 Leybold-Heraeus) with a pumping capacity of 315 l/s.
The electron beam is generated by heating the cathode through the potential supplied
by a high voltage transformer. After passing the gas flow, the electron beam is received by
the Faraday cup. The Faraday cup is made of copper and coated with a layer of carbon.
It is also used for the alignment of the electron beam in absence of any gas flow. As a
general statement it can be said that accurate measurements depend on the accuracy in
the Faraday current measurement.
The unit to control various functions of various units in the electron gun is located
outside of the wind tunnel. The control unit consists of various control panels viz. control
for focusing unit, control for deflecting unit, control for Wehnelt voltage, control of high
voltage for cathode, control for diffusion pump, and measurement of Faraday current etc..
5.3 The optical system and its optimization
Two plano-convex lenses of diameter of 100mm and an f-number of 6 are fixed to the
vacuum tank but a slight lateral and longitudinal movement is possible in case of optical
non-alignment. The lenses were kept facing their convex surfaces to each other to minimize
the aberration effects as well as to form a real image of the beam which was focused at
the entrance slit of the spectroscope (Fig. 5.5). The image of the fluorescence light of
the electron beam was then reflected by a mirror and focused on the entrance slit of the
spectroscope which was rested on a platform outside of the vacuum tank.
A 78-490 series (Jarrell-ASH company) 0.75 METER CZERNY-TURNER spectro-
scope was used in the current work. The fluorescence light of the electron beam, with the
help of lenses and reflective mirror, entered the entrance slit (S1) of the spectroscope and
passed to a mirror (M1) where it was collimated and reflected as parallel light to a plane
grating (G). The parallel dispersed light with separate wavelengths was reflected to the
exit beam mirror (M2) and reflection was focused as monochromatic light at the exit slit
(S2) and collected by a photomultiplier attached at the exit slit (Fig. 5.5).
A type 9635 QB cooled photomultiplier from THORN EMI was used in the current
work. A variable high voltage supply and a voltage divider network (shown in Fig. 5.3) was
used to control the inter-electrode potential and to vary the amplitude of the photomul-
tiplier output over a wide range. The typical operation voltage was −1700V . Normally
optical alignment and optimization of the instrument is done by the manufacturer but
because of poor handling and long idling period it is advisable to do the optical alignment
and optimization again in the laboratory before the experiment. The optimization, which
involved grating as well as focus adjustment both, was essentially done before each ex-
periment. Before starting the optical alignment of the spectroscope it was important to
determine the optical axis of the whole experimental setup using a laser. During the
optimization procedure a plumb line was used as a reference for the electron beam. The
height of the laser beam was adjusted in such a manner that the laser passed through
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Figure 5.3: Schematic of the voltage divider used for the photomultiplier (type:
THORN EMI 9635 QB) in the current work.
the center of both the lenses as well as through the center of the entrance slit of the
spectroscope. The point on plumb line where the laser cut through the plumb line was
marked and focused at the entrance slit of the spectroscope by lens adjustment. Since the
lenses are not corrected for the chromatic aberration, a correct focusing of the lenses was
achieved by using a mercury arc lamp with a 390nm interference filter that has the same
wavelength as the electron beam fluorescence.
In order to achieve maximum performance, the grating of the spectroscope was ad-
justed about the two axes to make the rulings perpendicular to the plane of the optical
axis of the spectroscope. With the curved slits, which were used in the present work, even
a slight lack of orientation seriously affected the resolution of the spectral line. Grating
misalignment about all the three axes posed different problems e.g. misalignment about
x-x axis caused rise and fall of the entrance slit image relative to the exit slit when the
grating was rotated. The misalignment about the y-y axis affected the vertical orientation
between entrance slit image and exit slit. Since in the spectroscope, the z-z axis, which
is the grating pivot axis (Fig. 5.4), is permanently fixed, therefore it was necessary to
make z-z axis of the exit beam mirror parallel to the z-z axis of the grating to remove
any curvature in the linearity of the scan at the exit slit image when rotating the grating
toward the higher order.
The first step for the alignment consisted of removing the slit cover plate and the slits
were opened to their maximum opening. A thread was taped horizontally across both the
slits passing through the centers and the entrance slit was illuminated with a mercury arc
lamp. The wavelength drive was set to zero and the set screw (4) (refer to the Fig. 5.4)
was adjusted until the central image was seen at the exit slit. The thread image at the exit
slit was at a slightly higher position and to make them coincide the thumb screw (1) was
used. Following visible mercury spectrum lines were used for the alignment procedure.
The position of thread was checked for each wavelength shown in the Table 5.1 by
rotating the grating with the help of a stepping motor. The motor was controlled by
a PC. Because of misalignment around the x-x axis the position of the reflected image
relative to the thread at the exit was uniformly increasing and this was adjusted with the
CHAPTER 5. EXPERIMENTAL STUDY 62
Figure 5.4: Grating holder adjustment.
Table 5.1: Visible mercury spectrum lines used for optical optimisation.
Wavelength (nm) Colour
0 Bluish white
404.66 Purple
435.8 Blue
546.1 Green
577.0 Yellow
809.32 Purple
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help of screw (3) (Fig. 5.4).
The Foucault method was used for the focus adjustment of the spectroscope. The slits
were adjusted for minimum slit width and the wavelength drive was rotated to 546.1nm.
Image from the grating was viewed from the naked eye at exit slit. During the scanning,
it was observed that the grating illuminated and darkened simultaneously over its entire
surface i.e. the instrument did not need any focus adjustment but to enhance the response
and sensitivity it was necessary to go for fine mirror adjustment. Since the diffracted
light reflected from the mirror was a curved beam, even a small change in inclination of
the mirror caused only a partial illumination. The grating was rotated below 546.1nm
wavelength region and then as the grating was rotated toward the higher wavelength, the
point of light which is nothing more than diffracted light at the intersection of beam and
slit, appeared to move up along the slit i.e. the mirror normal was high and to adjust
that, bottom mirror screw was tightened till no vertical movement was noticed and the
slit became fully illuminated at once when grating was rotated.
5.4 Experimental setup
A schematic diagram of the complete experimental setup is shown in Fig. 5.5. The high
temperature free jets were produced by letting the gas expand from the high pressure
stagnation chamber to the low pressure vacuum tank through sharp edge orifices. Three
different orifices of diameter 5mm, 10mm and 20mm were used for various stagnation
temperatures and pressure conditions. The stagnation chamber has an effective volume of
0.32m3. A heating unit was fitted inside the stagnation chamber by which temperatures
up to 1000◦C are possible to achieve. The heating unit consists of two heaters, one is inner
and the other one is outer. The heating element of the outer heater is 2.3m long and is
made of NicroTM with a total resistance of 1.31Ω. Heating element for the internal heater
is about 0.7m long with a total resistance of about 4.8Ω. The empty space in between the
two heaters and as well as between the stagnation chamber is filled with the ceramic balls
of 5mm diameter to enhance the heat conduction to the gas and minimize the radiation
losses. Two thermocouples of K type were connected close to the stagnation chamber as
well as to the heater, one to the inner and another to the outer heater. Maximum voltage
applied to both the heaters is limited to 180V to avoid electrical discharge inside the
vacuum tank.
5.5 Experimental parameters
The minimum pressure achieved during the experimental runs was 0.0004mbar. A careful
calibration was done to find out the range of the maximum chamber pressure, maximum
ambient pressure and maximum mass flow, see Fig. 5.7. The value of mass flow of about
0.4 g/s is good enough to be taken as maximum mass flow value, which is well within the
pumping capacity of the pumps. Ambient pressure p∞ corresponding to this value of mass
flow is 0.024mbar. The corresponding stagnation pressure p0 value is about 22mbar for
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Figure 5.5: Schematic of the complete experimental setup with electron beam diagnostics,
optical setup and data reduction system. SC: stagnation chamber, EG: electron
gun, HVS: high voltage supply, FC: Faraday cup, EBCU: electron beam control
unit, TU: x-y-z traverse unit, SS: spectroscope, PM: photomultiplier, HPS: power
supply for photomultiplier, AMP: amplifier, PC: personal computer for control of
spectroscope, data reduction and storage, control of traverse unit.
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Figure 5.6: Photographs showing the stagnation chamber with heat shields (above) and
heater (below).
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Figure 5.7: Variation in ambient pressure inside the vacuum tank with mass flow.
the 10mm diameter orifice.
For any given orifice geometry, the ambient pressure p∞ cannot exceed a given value
that is limited by the pumping capacity. The maximum pumping capacity of the wind
tunnel, for a given stagnation temperature T0 and maximum allowable ambient pressure
p∞, is limited by
m˙max = constD
2
0p0max . (5.1)
Since the maximum mass flow rate cannot exceed beyond a certain value therefore by
keeping it constant, the maximum chamber pressure for a given orifice geometry is lim-
ited by
p0max = const
1
D20
. (5.2)
With reference to Fig. 5.7, the allowable maximum mass flow is m˙max = 0.4 g/s and
corresponding ambient pressure is recorded as p∞ = 0.024mbar, well within the linear
range of the curve. Values of maximum Mach disk location and allowable maximum stag-
nation pressure p0max are tabulated in Table 5.2. To ensure stable operation of the electron
beam, during all experiments ambient pressure was not allowed to exceed 0.02mbar.
With the mean free path λ0 = 1/(
√
2pin0σ0), the Knudsen number Kn is defined
such that for the parameter p0D0/T0 [mbarmm/K] is taken as the direct measure of the
degree of rarefaction. Since the relaxation process is a result of binary collisions, the
overall process should scale with p0D0/T0.
Kn0 =
1√
2piD0n0σ20
=
T0
p0D0
k√
2piσ20
. (5.3)
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Table 5.2: Allowable maximum stagnation pressure for different orifice geometries and corre-
sponding Mach disk locations at T0 = 300K.
Orifice diameter D0 (mm) 5 10 20
p0max (mbar) 88.8 22.2 5.55
xMmax/D0 40.8 20.4 10.2
5.6 Temperature measurement
Temperatures were calculated from the recorded rotational line intensities with the help
of Eq. A.20 using the Muntz dipole model [29]. Detailed formulation and analysis of the
dipole model is given in Appendix A.
ln
IK′→K′′2
(K ′ +K ′′2 + 1)G(K ′, Trot)
= −−Bhc
kTrot
K ′(K ′ + 1) + lnC3. (5.4)
The rotational temperature is obtained from the slope m of a straight line by plotting
lnIK′→K′′2 /K
′G(K ′, Trot) vs K ′(K ′ + 1)
Trot = − 1
m
Bhc
k
. (5.5)
For the development of the dipole model, it was assumed that for all rotational lev-
els, the rotational energy is distributed as per Boltzmann distribution (see Eqs. A.12 and
A.13). However, for non-equilibrium flows, higher rotational levels do not follow the Boltz-
mann distribution and care should be taken in selecting rotational lines when calculating
the rotational temperature for such cases [2], [30].
5.6.1 Room temperature measurements
A number of measurements were made at room temperature to give an indication of
the accuracy of rotational temperature measurement data. Nitrogen was kept outside
the tunnel at room temperature and admitted into the tunnel through the series of flow
meters. The stagnation temperature was monitored by N-type (Nicrosil/Nisil) and K-
type (Nickel-chromium/Nickel-aluminum) thermocouples. Temperatures were measured
for three different ambient pressures. Sampling of the data was done at the speed of the
AD data acquisition card (60 000 samples per second). 20 000 samples were recorded per
point and then the average was taken as the value for that point in order to smoothen the
data. This procedure for data collection was maintained throughout all the experiments.
The experimental conditions and results obtained are presented in the Table 5.3. Sev-
enteen rotational lines in the R-branch were recorded. There was ± 2% of certainty in
temperature measurement using EBFT when compared with the temperature measured
with thermocouple.
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Table 5.3: Room temperature measurements using EBFT and experimental conditions. Data
obtained by EBFT show ± 2% uncertainty.
Tunnel ambi-
ent pressure
p∞ [mbar]
Thermocouple
type
T [K] Ther-
mocouple
T [K] EBF
Measure-
ment
0.005 N 293 292
0.01 N 292 286
0.015 K 294 300
5.6.2 Rotational temperature measurements in free jets
Nitrogen at room temperature was allowed to enter the stagnation chamber from one side
of the vacuum tank through a series of flow meters. Rotary pumps, roots pump and oil
vapor booster pumps were used in specific manner to achieve minimum possible ambient
pressure (about 0.0004mbar) inside the vacuum tank.
When the electron beam was clearly visible, the stagnation chamber was moved away
from it to align the electron beam vertically, the high density region near the orifice
deflects the beam which results in an error of alignment. After maximizing the Faraday
cup current, the stagnation chamber was brought back to its original position which was
set prior to the start of the experiment. Before each experiment some test measurements
were also done to adjust the slit width, the slit height, gain of the photomultiplier, and
the amplification factor.
When the flow was stabilized, rotational spectra along the centreline of the jet were
obtained by moving the stagnation chamber away from the electron beam in predefined
steps. The complete process of moving the traverse unit, rotation of spectroscope grating,
and recording of spectra was fully automatic and controlled by a PC. The total number of
points scanned along the jet axis depended on the p0D0/T0 value. In general, 8 to 10 points
were scanned. Rotational lines recorded depended on the rotational temperature and z/D0
location. The jets studied covered a wide range of stagnation conditions. Stagnation
pressure was varied from p0 = 1.3mbar to p0 = 25.8mbar and stagnation temperature
was varied from room temperature to T0 = 953K depending on the orifice geometry and
the parameter p0D0/T0. The parameter p0D0/T0 was varied from 0.0022mbarmm/K to
0.147mbarmm/K. In all the cases the last observation point was taken well before the
Mach disc to avoid any possible interference.
Chapter 6
Results and Discussion
6.1 Relaxation of gas homogenous in space
The interlaced system was tested by studying the relaxation of the translational temper-
ature Ttr and rotational temperature Trot of a gas homogenous in space where the fluxes
Fi vanish and because of that the upper level moments Qi remain constant. The test gas
was nitrogen for which ortho and para modifications1 were ignored.
Starting from a condition where all the molecules are initially at the rotational level
j = 0. Relaxation of Ttr and Trot for the conditions T0 = 30K, jmax = 20 is shown in
Fig. 6.1 where initially, the total energy belongs to j = 0 that is all the molecules belong
to rotational level j = 0. Due to the finite sum of rotational levels j, the limiting value
of temperatures is not exactly 3/5T0 [26]. It is clearly evident that the redistribution
of energy from the translational degrees of freedom to the rotational degrees of freedom
takes place (Fig. 6.1).
The relaxation of (Ttr−Trot) as function of time is shown in Fig. 6.2 for various values
of temperature as well as of ∆jmax. It is evident from the results that the cut-off ∆jmax of
the maximum transition step when chosen small, influences the relaxation process. The
level of freezing is also dependent on the maximum transition step ∆jmax. With increasing
population of rotational levels as well as with increasing energy to be redistributed, the
limit where ∆jmax shows no change also increases. The freezing level for (Ttr−Trot)/T0 is
high for smaller ∆jmax as well as for higher temperature. For smaller ∆jmax only initially
the relaxation process follows a change that could be modelled by the expression
dTrot
dt
=
(Ttr − Trot)
τ
because the relaxation in time toward equilibrium is rather slow.
The population distribution of the levels j for the conditions T0 = 30K and jmax = 20
is shown in Fig. 6.3. The distributions for the first n = 10 time steps τ = n∆τ (with
∆τ = 0.02τ0) are plotted against the parameter j(j + 1), which is nothing but a measure
of the rotational energy. When all the molecules initially are at rotational level j = 0
1See Molecular Spectra and Molecular Structure: I. Spectra of Diatomic Molecules by G. Herzberg [15].
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Figure 6.1: Evolution of rotational temperature Trot and translational temperature Ttr from
rotational level j = 0 into the higher rotational levels as function of time for
conditions T0 = 30K, jmax = 20 and ∆jmax = 20; τ0 is the collision time of two
nitrogen molecules.
(Fig. 6.3 (above)), the relaxation toward equilibrium between the levels j = 0 and j = 1 is
quite slow and consumes most of the computational time. On the other hand, when all the
molecules are initially at rotational level j = 10, there is no such situation which acts like
a bottleneck. The relaxation toward equilibrium is rather smooth, see Fig. 6.3 (below).
6.2 Free jet expansion
6.2.1 Experimental results
For the free jet flows with same parameter p0D0/T0, conditions concerning the number of
binary collisions over a reference length D0 in a stream tube remains the same. Keeping
this fact in mind, various values of p0D0/T0 were selected for the experimental study so
that the comparative study of free jet flows over a wide range of stagnation conditions and
for various orifice geometries can be carried out. For any given measurement, about 6 to 10
data points were scanned along the jet axis depending on the value of p0D0/T0 as for lower
values, there is not enough intensity with increasing z/D0. Fig. 6.4 shows the spectral
records of two z/D0 condition. As the temperature decreases, the value of maximum
intensity shifts, as expected, toward the lower rotational levels due to the low population
of higher rotational levels. The method for calculating the rotational temperature as well
as population distribution for various rotational levels along the jet axis of the free jet
from the recorded spectroscopic data is outlined in Appendix A.
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Figure 6.2: The difference (Ttr − Trot) as function of time for T0 = 30K and 300K. M
−∆jmax = 1, O−∆jmax = 5, ¤−∆jmax = 10 and ¨−∆jmax = 20.
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Figure 6.3: Population of the rotational levels j as function of j(j + 1) for the time steps
∆τ = 0.02τ0 and the final time step τend; T0 = 30K, jmax = 20. At τ = 0 all
energy levels are at j = 0 (above). At τ = 0 all energy levels are at j = 10 (below).
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Figure 6.4: R-branch rotational spectra of N+2 , 0−0 band at Trot = 404.4K, z/D0 = 1 (above)
and Trot = 286.7K, z/D0 = 2 (below) for p0 = 25.8mbar, D0 = 5mm, T0 =
922K.
In Fig. 6.5, rotational temperatures are plotted for various p0D0/T0 values while
keeping the parameters p0 = 8mbar and D0 = 10mm same. In Fig. 6.6 rotational
temperatures are plotted for various p0D0/T0 values ranging from 0.022mbarmm to
0.147mbarmm and for constant stagnation temperature of 900K. For the case where
p0D0/T0 = 0.022mbarmm/K (¤ and J), data are shown for two orifice geometries so
that for a given Knudsen number Kn, different flow densities are obtained. From the re-
sults, it is evident that for all free jet measurements, rotational temperatures deviate from
the equilibrium value at different locations along the jet axis depending on the p0D0/T0
value. Lower the p0D0/T0 value, earlier is the departure from equilibrium temperature
along the jet axis.
In Fig. 6.7 rotational temperatures are plotted for p0D0/T0 = 0.14mbarmm/K (D0 =
10mm) as function of z/D0 along the jet axis for different stagnation conditions. The
stagnation pressure p0 varies from 4.2mbar to 14mbar and the temperature T0 varies
from 295K to 953K. Although the value of p0D0/T0 remains the same and for low values
of z/D0, the rotational temperature remains close to the isentropic distribution but for
higher stagnation temperatures, Trot departs from isentropic curve at higher z/D0. This
observation is in agreement with rotational relaxation model given by Gallaghar and
Fenn [31]. They studied the rotational relaxation of nitrogen expanding from a 0.5mm
diameter nozzle over a wide range of stagnation pressure and three different stagnation
temperature. Although Gallaghar and Fenn did not compared rotational temperatures
CHAPTER 6. RESULTS AND DISCUSSION 74
Figure 6.5: Distribution of rotational temperature Trot along the jet axis for various p0D0/T0
values for p0 = 8mbar and D0 = 10mm. N–p0D0/T0 = 0.27mbarmm/K,
T0 = 300K, ¤–p0D0/T0 = 0.14mbarmm/K, T0 = 580K, I–p0D0/T0 =
0.087mbarmm/K, T0 = 920K. Solid line indicates the equilibrium temperature.
Figure 6.6: Distribution of rotational temperature Trot along the jet axis for the same stag-
nation temperature T0 = 900K and various p0D0/T0 values. ¤–p0D0/T0 =
0.022mbarmm/K, p0 = 4mbar, D0 = 5mm, J–p0D0/T0 = 0.022mbarmm/K,
p0 = 2mbar, D0 = 10mm, I–p0D0/T0 = 0.044mbarmm/K, p0 = 7.8mbar, D0 =
5mm, N–p0D0/T0 = 0.088mbarmm/K, p0 = 16mbar, D0 = 5mm and H–
p0D0/T0 = 0.147mbarmm/K, p0 = 14mbar, D0 = 10mm. Solid line indicates
the equilibrium temperature.
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Figure 6.7: Distribution of rotational temperature Trot along the jet axis for p0D0/T0 =
0.14mbarmm/K for 10mm orifice. H–p0 = 4.2mbar, T0 = 295K, N–p0 =
6.5mbar, T0 = 450K, J–p0 = 8mbar, T0 = 600K and I–p0 = 14mbar,
T0 = 953K. Solid line indicates the equilibrium temperature.
Figure 6.8: Log-slope plots showing Boltzmann distribution for higher stagnation tempera-
ture expansion and non-Boltzmann distribution for higher rotational levels for
low stagnation temperature. For both the cases p0D0/T0 ' 0.144mbarmm/K
at z/D0 = 3, 10mm orifice. N–p0 = 14mbar, T0 = 953K, H–p0 = 4.2mbar,
T0 = 295K.
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for the same p0D0/T0 but it can be easily deduced from the results that flows with equal
values of p0D0/T0 have higher degree of rotational non-equilibrium for lower stagnation
temperatures. Lewis et al. [32] reported the effect of stagnation temperature on rotational
relaxation. Although the result obtained by Lewis et al. were in agreement with the
present work up to some extent but there was some ambiguity too.
Log-slope plots for the same p0D0/T0 = 0.14mbarmm/K, same z/D0 = 3 location
and two different stagnation temperatures 953K and 295K are shown in Fig. 6.8. For the
case where the stagnation temperature is higher, the distribution for all rotational levels
remains Boltzmann type. On the other hand for the lower stagnation temperature, higher
rotational levels remain overpopulated and deviate from the Boltzmann distribution. The
non-Boltzmann distribution causes the rotational temperature to depart from equilibrium
quite early compared to the cases with higher stagnation temperature (see Fig. 6.7). The
effect of temperature on the rotational relaxation is discussed in section 6.2.3.
6.2.2 Computational results
The interlaced system was originally developed as a tool to handle problems with large
variation in cell Knudsen number [13]. However, in the present work, the objective was to
understand the kinetic process of rotational relaxation by modelling the collision frequency
νM and gain function fg with the help of a model of molecular interaction. For the physical
understanding and for the control of computational performance, it is important to study
the evolution of the gain function fg and the collision frequency νM . In Fig. 6.9 and
Fig. 6.10, contours and surface plots of the gain function fg and collision frequency νM
are shown over cx and cz for two locations along the jet axis: near the center of gravity of
the distribution, a small relative velocity g of collision corresponds to a large maximum
impact parameter bmax (refer section 2.5.1) and at the tails of the distribution bmax is small.
The restriction on the shape of the collision frequency νM and gain function fg, for
the downstream location, is also evident. With N0 grid points in c-space, N
3
0 points are
needed for the calculation of f and N60 points are needed to calculate G and ν along with j
rotational levels. A care needs to be taken when choosing N0, as a large number may make
the task of computing expensive and without any gain in terms of information. Grid points
in c-space can be reduced considerably by restricting the shape of distributions using
increased step size in c. This is very important because the performance of the interlaced
system is sensitive to the proper representation of the distribution function. When moving
downstream along the jet axis and keeping N0 constant, a coarse c-space grid does not
generate enough information to describe the distribution function properly and suffers
from the problem of interpolation when transferring the distributions to the upper level
because of the nature of free jet expansion2. Restriction on the c-space grid imposed
by the ACSG, allows to use a fine grid, without increasing the number of grid points.
In Fig. 6.9, one observes that fg is slightly more stretched at the downstream location.
2Over a time ∆t (in the upper level), the velocity vector c performs a rotation in c-space, see sec-
tion 4.1.6
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This can be explained on the basis of asymptotic behavior of the free jet expansion.
During the free jet expansion, gas expands toward a finite limiting speed u˜∞ = 2.23
(u∞ =
√
2cpT0), moments become independent of the molecular interaction making the
distribution a function of local velocity and temperature that contributes to the stretching
of the distribution.
Computational results are presented for the cases p0D0/T0 = 0.0033mbarmm/K and
p0D0/T0 = 0.14mbarmm/K in Fig. 6.11 and Fig. 6.12, where temperatures Trot and Ttr,
density ρ, velocity u, and cell Knudsen number Knc
3 are plotted as functions of z/D0.
These results demonstrate the capability of the interlaced system of solving the free jet
flows of a large range of cell Knudsen numbers. As expected, for higher p0D0/T0, the
departure from the equilibrium is delayed due to frequent molecular collisions. The orifice
is located at z/D0 = 0. Rapid acceleration takes place near the orifice between z/D0 = 0
and z/D0 = 1. For p0D0/T0 = 0.0033mbarmm/K, Knc = 1 is reached at z/D0 = 0.4
and beyond this value of z/D0, the drifting term in the kinetic equation becomes more
and more important. For p0D0/T0 = 0.14mbarmm/K, the point where Knc = 1, shifts
to z/D0 = 3. There is a large deviation of rotational temperature Trot from T for small
p0D0/T0 and a small deviation for large p0D0/T0.
The anisotropy of the translational distribution can be best depicted by plotting tem-
perature components Tp = Tzz and Tn = (Txx + Tyy)/2, see Fig. 6.13, where parallel (Tp)
and perpendicular (Tn) temperatures based on parallel and perpendicular velocity com-
ponents respectively are plotted as functions of z/D0. For the smaller p0D0/T0 drifting
is very large and the separation between Tp and Tn grows continuously moving down-
stream. The deviation in Tp indicates the translational freezing. While moving along the
jet axis Tp freezes at a value of 0.2T0, Tn approaches to zero as molecular velocities tend
to become nearly radial moving away from the center. Whereas for the large p0D0/T0
drifting is smaller. For larger values of p0D0/T0 drifting is further reduced resulting in
Tp ∼ Tn ∼ Ttr as the case would be for Trot too. During the expansion, especially for
smaller values of p0D0/T0, as freezing of Tp takes place along the jet axis, the degrees of
freedom are reduced further (Trot is already frozen!). In that case, the thermal motion of
molecules is possible only perpendicular to z on the spherical surface [33].
6.2.3 Comparison between experiments and simulation
In Fig. 6.14 a surface plot of the fractional population distribution is shown for the con-
ditions p0 = 25.8mbar, T0 = 922K and p0D0/T0 = 0.14mbarmm/K. The population
distribution is in qualitative agreement with the rotational line intensities recorded us-
ing EBFT during experiments (see Fig. 6.4, dotted lines indicate the actual distribution.
Intensity for odd levels must be halved [15]). As the temperature (moving along the jet
axis) decreases, the population maximum moves toward the lower rotational levels.
In Fig. 6.15, calculated fractional population histories of the nitrogen molecule in sev-
3Cell Knudsen number Knc is based on the local number density along the jet axis and the cell
width ∆z.
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Figure 6.9: Gain function fg (cy = 0) for p0 = 0.1mbar, T0 = 300K, p0D0/T0 =
0.0033mbarmm/K, N(c, j) = [193, 16], z/D0 = 0 (left), z/D0 = 4 (right).
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Figure 6.10: Collision frequency νm (cy = 0) for p0 = 0.1mbar, T0 = 300K, p0D0/T0 =
0.0033mbarmm/K, N(c, j) = [193, 16], z/D0 = 0 (left), z/D0 = 4 (right).
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Figure 6.11: Variation of temperature T , rotational temperature Trot, density ρ, velocity u and
cell Knudsen number Knc along z/D0 for free jet expansion of N2, p0 = 0.1mbar,
T0 = 300K, p0D0/T0 = 0.0033mbarmm/K and jmax = 16.
Figure 6.12: Variation of temperature T , rotational temperature Trot, density ρ, velocity u and
cell Knudsen numberKnc along z/D0 for free jet expansion ofN2, p0 = 25.8mbar,
T0 = 922K, p0D0/T0 = 0.14mbarmm/K and jmax = 16.
6.2. FREE JET EXPANSION 81
Figure 6.13: Variation of parallel temperature Tp and perpendicular temperature Tn
with z/D0.
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Figure 6.14: Calculated fractional population ζj along z/D0 for parameters p0 = 25.8mbar,
T0 = 922K and p0D0/T0 = 0.14mbarmm/K. Surface plot is in qualitative
agreement with the rotational intensities recorded using EBFT, see Fig. 6.4.
eral rotational levels for three stagnation conditions are shown. For the first two cases
the value of the parameter p0D0/T0 is kept same but at different stagnation tempera-
tures. It is clearly evident that after a certain z/D0 location (depending on p0D0/T0)
the fractional population, specially in higher rotational levels, does not decrease as per
Boltzmann distribution. From this point of z/D0, non-equilibrium effects start appearing
and finally rotational levels remain overpopulated contributing to the rotational freez-
ing. The rotational non-equilibrium for p0 = 25.8mbar, p0D0/T0 = 0.14mbarmm/K,
and T0 = 922K starts appearing at near the location z/D = 1; for the case where
p0 = 8mbar, p0D0/T0 = 0.137mbarmm/K, and T0 = 580K this location moves be-
tween z/D0 = 0 and z/D0 = 1. For p0D0/T0 = 0.087mbarmm/K, p0 = 2.6mbar, and
T0 = 299K rotational non-equilibrium effects appear near the orifice itself. Although in
both cases the parameter p0D0/T0 is kept constant but the effect of the temperature is
clearly evident. For higher stagnation temperature non-equilibrium effects appear late
on the jet axis as the non-Boltzmann distribution in higher rotational levels starts quite
late. This confirms the phenomena discussed in section 6.2.1 (Figures 6.7 and 6.8). The
effect of the temperature on relaxation can be explained with the help of change in the
nature of transition probability at higher temperature (see sec. 2.5.2). The other phe-
nomenon which can further explain this behavior is taking nuclear spin for homonuclear
molecules into account (ortho and para modifications). In the case of high temperatures,
nuclear spin relaxation rates help in making the transition between ortho and para states
possible [34] and increasing overall relaxation rates [31, 35].
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Figure 6.15: History of fractional population in rotational levels j = 0 to j = 16 along
z/D0. Parameters p0 = 25.8mbar, T0 = 922K and p0D0/T0 = 0.14mbarmm/K
(above). p0 = 8mbar, T0 = 580K and p0D0/T0 = 0.137mbarmm/K (middle).
p0 = 2.6mbar, T0 = 299K and p0D0/T0 = 0.087mbarmm/K (below).
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Figure 6.16: The log-slope plot for the fractional population distribution against the rota-
tional energy along the jet axis for the free jet expansion. Results from numer-
ical calculation and experiments are compared for the parameters p0D0/T0 =
0.133mbarmm/K, p0 = 8mbar, T0 = 600K, and orifice diameter D0 = 10mm.
In Fig. 6.16, the fractional population distribution of various rotational levels are
plotted against the rotational energy j(j +1) on a log scale along the jet axis for the free
jet expansion. Results from numerical calculation and experiments are compared for the
conditions p0D0/T0 = 0.133mbarmm/K, p0 = 8mbar, T0 = 600K, and orifice diameter
D0 = 10mm. Locations z/D = 6 and z/D0 = 7 are shown on right hand scale for the
sake of clarity. The comparison shows quite good agreement. Both, the calculations using
the interlaced system and the measurements using EBFT observe a deviation from the
Boltzmann distribution as expected.
A comparison between the calculated and measured rotational temperature dis-
tribution along the jet axis is shown in Fig. 6.17. The conditions are p0D0/T0 =
0.133mbarmm/K, p0 = 8mbar, T0 = 600K, and orifice diameter D0 = 10mm. As
shown in the fractional population history (Fig. 6.15), right from the location z/D0 = 1,
rotational non-equilibrium effects start appearing. Initially the rotational temperature
departs from the equilibrium temperature and then freezes after z/D0 = 5. Beyond
z/D0 = 5, calculated temperatures are slightly below the measured rotational temper-
atures. This could have been caused by various factors involved in the mathematical
modelling or because of systematic errors involved in experiments giving higher temper-
atures.
First of all, as discussed earlier, during mathematical modelling ortho and para modifi-
cations for nitrogen were not taken into account. Absence of any ortho-para consideration,
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Figure 6.17: Rotational temperature distribution along the jet axis. A comparison be-
tween experiments and numerical calculations for the parameters p0D0/T0 =
0.133mbarmm/K, p0 = 8mbar, T0 = 600K, and orifice diameter D0 = 10mm.
where there is no restriction on the molecular interaction, would certainly accelerate the
relaxation process and give lower rotational temperatures. Formation of meta-stable pair
of molecules (section 2.5.1) was also ignored when modelling the collision cross-section and
transition probability as well as during the formation of the interlaced system. Formation
of such pairs would certainly affect the equilibrium in an unfavorable way and delay the
relaxation. The other factor which might contribute to the discrepancy in the rotational
temperature calculation and measurement, is the stream tube model that was based on
the measurements made by Ashkenas and Sherman [27]. In the current work, the free jet
expansion was treated as a spherical source flow with an origin located near the exit. In
their work, Ashkenas and Sherman studied the available method-of-characteristics solu-
tions and observed the effect of pressure ratio on the free jet flow field. They observed
that, at large pressure ratios, within the Mach disk and barrel shock a region of inertia-
dominated flow exists. In this region, the conversion from thermal motion to directed
motion is almost complete. Thus, the energy associated with internal degrees of freedom
and static pressure are negligible in comparison to the kinetic energy of directed motion
and the corresponding dynamic pressure. This is clearly a case of an ideal free jet expan-
sion. However, as it has been observed that, the free jet expansion departs from the ideal
behavior substantially. Beylich [36] showed that the free jet expansion deviates from the
spherical flow at low temperatures. The third factor is systematic experimental errors and
uncertainties which might cause higher measured rotational temperatures [30, 37]. The
uncertainty for room temperature measurement was found to be ±2% (see sec. 5.6.1),
that is well within the experimental limits and is in general agreement with rotational
temperature measurements [29, 30, 38].
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Chapter 7
Conclusion
In the work presented, numerical and experimental tools were used successfully to model
the flows of molecular gases with internal degrees of freedoms. The mathematical mod-
elling consisted of two parts: First, calculation of molecular properties with the help of
extensive molecular dynamics simulations and second, construction of an interlaced sys-
tem from the kinetic equation. For the experimental study, Electron Beam Fluorescence
Technique was used for measuring the rotational temperature in free jet flows of nitrogen
expanding into vacuum.
With the help of molecular dynamics simulations coupled with classical trajectory cal-
culations, mathematical models for scattering angle, collision cross section, and transition
probabilities were developed. It was observed that the molecular scattering is a strong
function of the ratio of energies of translation and rotation. When the energy of rotation
was quite high compared to the energy of translation, intensive rotational energy transfer
took place. It was also found that for a given energy of translation, the process of rota-
tional energy transfer between molecules was not very efficient beyond a certain impact
parameter irrespective of the rotational states of the molecules involved in the collision.
The cut-off impact parameter strongly depended on the energy of translation.
Based on the observations made during MD simulations, a functional relationship was
established between the collision diameter and the relative velocity of binary collision. By
this way the collision cross-section was separated from the transition probability. Based
on the R-R and R-T energy transfer, a model for the transition probability was devel-
oped. It was observed that with increase in temperature, there was a significant shift in
the transition probability from higher rotational to lower rotational levels. The simpli-
fied model of the total collision cross-section, where collision cross section and transition
probability were separated, was used to transform the kinetic equation. The separation
of collision cross section and transition probability made the task of solving the kinetic
equation easier by reducing the dimensions.
The interlaced system was tested on the space homogeneous problem of relaxation
of N2 by ignoring ortho and para modifications. It was observed that the rotational
relaxation for the molecules initially at lower rotational levels was quite slow. Relaxation
rate increased for higher rotational levels. During the relaxation, Ttr and Trot approached
toward a limiting value of 3/5. At various temperatures, the effect of the cut-off maximum
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transition step ∆jmax was also evident on the relaxation process. The relaxation (Ttr −
Trot)/T0 froze quite early in time for smaller values of ∆jmax. The level of freezing was
also dependent on the maximum transition step ∆jmax. The freezing level was higher for
smaller ∆jmax as with increasing energy to be redistributed and with increasing population
of rotational levels, the time at which ∆jmax showed no further variation, was increased.
For the calculation of free jet flows, a stream tube was constructed by treating the
free jet as spherical source flow problem. An empirical expression was developed for
the stream tube area from the experimental results available in the literature. During
the simulation of the free jet expansion, to keep the distribution compact and use the
c-space grid efficiently along the jet axis, a temperature sensitive adapted c space grid
(ACSG) was used. Calculations were performed in a finite region of the stream tube
between zmin = −1D0 and zmax = 4 ∼ 8D0 and on an equidistant grid zm = zmin +
m∆z, m = 0, 1, 2 . . . ,M using finite-difference McCormack’s scheme. The upstream
boundary conditions at zmin were obtained by assuming an isentropic expansion from
the stagnation condition to the cross-section A(zmin). At zmax, flow being supersonic,
variables were linearly extrapolated. Isentropic values along the jet axis were used as
the initial conditions. The parameters for calculations were chosen so that the numerical
results could be compared with the experimental results.
Experiments on free jets of nitrogen were performed in the low density wind tunnel of
the Shock Wave Laboratory, RWTH Aachen. A large set of stagnation conditions were
used to study rotational relaxation phenomena. Rotational temperatures were measured
using 0 − 0 vibrational band of the first negative system of nitrogen. Three different
orifice geometries were used to study the effect of geometry on the relaxation process.
The parameter p0D0/T0 was used as scaling parameter to study the effect of temperature
on the rotational relaxation. Stagnation pressure was varied from 1.3mbar to 25.8mbar
and the corresponding temperature was varied from room temperature to 953K.
For the physical understanding and for the control of computational performance, the
evolution of the gain function fg and the collision frequency νM was studied along the
jet axis. The restriction on the shape of collision frequency νM and gain function fg due
to ACSG was evident. The restriction was necessary in terms of reducing computing
time and maintaining the accuracy of the distribution calculation. The stretching of
the gain function, when moving downstream along the jet axis, was also evident. This
stretching was caused by the asymptotic behavior of the free jet flow, where moments
become independent of the molecular interaction making the distribution a function of
local velocity and temperature (or Mach number).
The anisotropy of the translational distribution was studied by calculating parallel
temperature Tp and perpendicular temperature Tn components along the jet axis. For
p0D0/T0 = 0.0033 drifting was found to be very large and the separation between Tp
and Tn increased continuously when moving downstream along the jet axis. The parallel
temperature Tp froze at the value 0.2T0 when moving along the jet axis , Tn approached
to zero. On the other hand, for the large p0D0/T0 drifting was smaller.
Calculation of the fractional population for all rotational levels along the jet axis was
found to be in qualitative agreement with the rotational intensity spectra recorded using
89
EBFT. With the decrease in temperature, the population maximum shifted toward the
lower rotational levels. Fractional population histories of the nitrogen molecule in several
rotational levels were also studied. It was evident that downstream of a certain z/D0
location (depending on p0D0/T0) the fractional population, especially in higher rotational
levels, did not decrease leaving those levels overpopulated. The log slope plots of rotational
line intensities obtained from measurement and calculation showed good agreement on
comparison. The non-Boltzmann distribution of higher rotational levels observed during
experiments was reproduced by the calculations. Even when the parameter p0D0/T0 was
kept constant, the effect of temperature was clearly visible on the rotational relaxation
process. For higher temperatures a non-Boltzmann distribution in higher rotational levels
started quite late. This was due to shift in the transition probability toward higher and
lower rotational levels from middle rotational levels with the increases in temperature. It
was further explained by taking the effect of the nuclear spin for homonuclear molecules
into account. For high temperatures, nuclear spin relaxation rates help in making the
transition between ortho and para states possible and increase the overall relaxation rates.
For all calculations and measurements, rotational temperatures deviated from the
equilibrium value at different locations along the jet axis and froze at different levels
depending on the p0D0/T0 and stagnation temperature T0. For equal p0D0/T0 value, the
degree of rotational non-equilibrium was less where the stagnation temperature was high.
The experiments and calculations were found to be in quite good agreement. More refined
experiments and calculations would still be very desirable specially concerning the effect
of temperature on rotational relaxation. However, the general qualitative nature of the
results obtained in this work is likely to remain same.
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Appendix A
Rotational Temperature
Measurements
The EBFT, originally proposed and developed by Muntz [29], has been widely used to
measure rotational temperature in rarefied medium. Historical reviews by Muntz [39] and
Gochberg [40] present a brief picture of synthesis and evolution of EBFT from studies
related to the excitation of energetic particles to the rotational temperature measurements.
An outline of formulation of the dipole model is presented here in this section and
this, by no means, is a substitute to the detailed analysis by Muntz [29, 39] and Robben
and Talbot [2].
A.1 Formulation of dipole model
A.1.1 Analysis of excitation and emission
The measurement of rotational temperature in free jets of nitrogen, using electron beam
fluorescence technique, requires resolution of the rotational structure of N+2 B
2
∑+
u →
N+2 X
2
∑+
g transition. When a beam of electrons is passed through nitrogen gas, a ground
state nitrogen molecule with an initial electronic state E ′′1 (N2X
1
∑+
g ) is excited to a
doublet state E ′2(N
+
2 B
2
∑+
g ) of the molecular ion by an inelastic collision with an electron.
Emission of a photon from E ′2 brings the molecule to the ground state E
′′
2 (N
+
2 X
2
∑+
g )
and fluorescence is observed.
If the splitting of the rotational levels due to magnetic coupling between spin and
angular momentum of the nitrogen molecule is ignored the N+2 B
2
∑+
u → N+2 X2
∑+
g
transition is possible only for the case where ∆K = ±1, which results in two different
series of lines viz. P-branch and R-branch with wave numbers:
R− branch : ν = ν0 + F ′υ(K + 1)− F ′′υ (K) = R(K) (A.1)
P − branch : ν = ν0 + F ′υ(K − 1)− F ′′υ (K) = P (K) (A.2)
where ν0 is the band origin or the zero line.
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The band head of the 0−0 band in nitrogen is 391.4µ with the R-branch below 391.0µ
and P-branch above 391.0µ. Since P-branch reverses in wavelength as rotational quantum
number increases, it folds over itself making it difficult to resolve it for measurement pur-
poses.
The excitation and emission scheme for nitrogen molecule is shown in the Fig. A.1.
During the excitation of a nitrogen molecule with high energy electron impact, the upper
state rotational level K ′ is populated by means of the R- and P-branches from the ground
state rotational levels K ′′1 = K
′−1 and K ′′1 = K ′+1 respectively, while during the process
of emission the upper state is depopulated by the same R- and P-branches to the ground
state rotational levelsK ′′2 = K
′+1 andK ′′2 = K
′−1 respectively. The process of excitation
and emission to the X2
∑
g+ is assumed to be unaffected by the gas kinetic collision.
For a diatomic molecule, excitation being purely thermal or of such a type that it does
not affect the thermal distribution, total fractional population ζtot is given by ζtot = ζj ζυ.
According to the Maxwell-Boltzmann law the number of molecules dN that have energy
between E and E + dE are proportional to exp(−E/kT )dE. This assumption is fairly
accurate to calculate the rotational temperature, but since for a diatomic molecule there
exists (2j + 1) fold degeneracy for each rotational state j, the fractional population for
that rotational level is given by
ζj =
(2j + 1)
Qr
exp [−Bhcj(j + 1)/kTrot] (A.3)
and vibrational fractional population is given by
ζυ =
1
Qυ
exp [−ωe(υ′′ + 0.5)/kTυ] (A.4)
where ωe is a vibrational constant and Qυ is the vibrational partition function of state
X1
∑+
g .
By replacing j by K1, total fractional population is written as follows
ζtot =
(2K + 1)
QrQυ
exp [−BhcK(K + 1)/kTrot] exp [−ωe(υ′′ + 0.5)/kTυ] (A.5)
Based on the assumption that the excitation process is a dipole interaction with selec-
tion rule ∆K = ±1, transition probabilities for absorption (X1∑ → B2∑ transition)
are
P−(K ′′1 → K ′) =
K ′′1
2K ′′1 + 1
, ∆K = −1, R− branch (A.6)
P+(K ′′1 → K ′) =
K ′′1 + 1
2K ′′1 + 1
, ∆K = +1, P − branch (A.7)
and for emission (B2
∑ → X2∑ transition), transition probabilities are
P−(K ′ → K ′′2 ) =
K ′
2K ′ + 1
, ∆K = −1, R− branch (A.8)
1The splitting of the rotational levels due to magnetic coupling between spin and angular momentum
of the nitrogen molecule is ignored [15].
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Figure A.1: Schematic of excitation and emission process of nitrogen molecule from N2X1
∑+
g
ground state to N+2 X
2
∑+
u ground state due to high energy electron collision
resulting in electroluminescence.
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P+(K ′ → K ′′2 ) =
K ′ + 1
2K ′ + 1
, ∆K = +1, P − branch (A.9)
If Nυ′′1→υ′ is the rate of excitation from ground state vibrational level υ
′′
1 to the excited
state vibrational level υ′, then
Nυ′′1→υ′ = F (ν)[NK′−1, υ′′1P
−(K ′′1 → K ′) +NK′+1, υ′′1P+(K ′′1 → K ′)] q(υ′′1 → υ′) (A.10)
where F (ν) is the excitation function that is constant for high energy electrons and q(υ′′1 →
υ′) is the Frank-Condon factor. Since the rate of excitation to the K ′ level of a specific
vibrational level υ′ of B2
∑+
u state is the sum of the contributions from all vibrational
levels υ′′1 of ground state X
1
∑+
g , the net rate of excitation is
NK′ = F (ν)
∑
υ1
{
NK′−1, υ′′1P
−(K ′′1 → K ′) +NK′+1, υ′′1P+(K ′′1 → K ′)
}
q(υ′′1 → υ′) (A.11)
with
NK′−1, υ′′1P
−(K ′′1 → K ′) =
{
Nυ′′1
K ′ + 1
Qr
exp [−Bhc(K ′ + 1)(K ′ + 2)/kTrot]
}
(A.12)
and
NK′+1, υ′′1P
+(K ′′1 → K ′) =
{
Nυ′′1
K ′
Qr
exp [−Bhc(K ′)(K ′ − 1)/kTrot]
}
. (A.13)
With the help of Eq. A.12 and Eq. A.13, Eq. A.11 is rewritten as follows
NK′ = F (ν)
∑
υ1
{
Nυ′′1 q(υ
′′
1 → υ′)H(K ′, Trot)
Qr
}
(A.14)
where
Nυ′′1 =
N0
Qυ′′1
exp (−Eυ′′1 /kTυ)
and
H(K ′, Trot) = K ′ exp [−BhcK ′(K ′−1)/kTrot]+(K ′+1) exp [−Bhc(K ′+1)(K ′+2)/kTrot].
The rate of photon emission in a rotational line K ′ → K ′′2 of the first negative system
(i.e. 0 − 0 transition) is proportional to NK′ P±(K ′ → K ′′2 ) ν3K′→K′′2 . Therefore the
expression for the emission intensity , for R-branch, is written as follows
IK′→K′′2 = hcνK′→K′′2NK′ P
−(K ′ → K ′′2 ) ν3K′→K′′2 (A.15)
or
IK′→K′′2 = hcν
4
K′→K′′2 NK′ P
−(K ′ → K ′′2 ) (A.16)
Substituting values of P−(K ′ → K ′′2 ) and NK′ , Eq. A.16 is rewritten as
IK′→K′′2
K ′
= C1ν
4
K′→K′′2
∑
υ′′1
{
q(υ′′1 → υ′) [H(K ′, Trot)/(2K ′ + 1)]
QrQυ′′1
exp (−Eυ′′1 /kTυ)
}
(A.17)
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where C1 = hcN0F (ν) is a constant.
Since there is no excitation of vibrational levels of X1
∑+
g state other than υ
′′
1 = 0 at
temperatures about 1000K, Eq. A.17 can be simplified and rewritten as
IK′→K′′2
K ′
= C2ν
4
K′→K′′2 {G(K
′, Trot) exp (−BhcK ′(K ′ + 1)/kTrot)} (A.18)
with
C2 = C1 q(0→ υ′)
and
G(K ′, Trot) =
K ′ exp [−2BhcK ′/kTrot] + (K ′ + 1) exp [−2Bhc(K ′ + 1)/kTrot]
(2K ′ + 1)
.
A.1.2 Rotational temperature calculation
Within any vibrational transition, variation in ν4K′→K′′2 with K
′ is negligible due to a small
wavelength range involved in measurements [2], therefore assuming that term ν4K′→K′′2
remains constant, Eq. A.18 is rewritten as
IK′→K′′2
K ′G(K ′, Trot)
= C3 { exp (−BhcK ′(K ′ + 1)/kTrot)} . (A.19)
After taking logarithms of both sides in Eq. A.19 and rearranging it, one obtains
ln
IK′→K′′2
K ′G(K ′, Trot)
= − Bhc
kTrot
K ′(K ′ + 1) + lnC3. (A.20)
For homonuclear molecules either the even numbered or the odd numbered rotational
levels have the greater statistical weight, similarly for N+2 molecules, there exists an
intensity alteration in a ratio of 2 : 1 in favor of even numbered levels [15] and to account
for this effect, left hand side of Eq. A.20 must be divided by 2 for odd values of K ′.
Alternatively, Eq. A.20 is written in more generalized form as follows
ln
IK′→K′′2
(K ′ +K ′′2 + 1)G(K ′, Trot)
= − Bhc
kTrot
K ′(K ′ + 1) + lnC3. (A.21)
The rotational temperature is obtained from the slope m of a straight line by plotting
lnIK′→K′′2 /K
′G(K ′, Trot) vs K ′(K ′ + 1)
Trot = − 1
m
Bhc
k
. (A.22)
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